
www.unamur.be timoteo.carletti@unamur.be

February 1- 2 - 3, 2022, University of Namur

Complex Networks & Dynamical Systems

Timoteo Carletti Mattia Frasca

Department of mathematics

UNamur



www.unamur.be timoteo.carletti@unamur.be

Motivation : We live in an interconnected world …

Network Science A.-L. Barabási
Networks are everywhere, from the Internet, to social networks, and the genetic networks that 
determine our biological existence. Illustrated throughout in full colour, this pioneering textbook, 
spanning a wide range of topics from physics to computer science, engineering, economics and the 
social sciences, introduces network science to an interdisciplinary audience. From the origins of 
the six degrees of separation to explaining why networks are robust to random failures, the author 
explores how viruses like Ebola and H1N1 spread, and why it is that our friends have more friends 
than we do. Using numerous real-world examples, this innovatively designed text includes clear 
delineation between undergraduate and graduate level material. The mathematical formulas and 
derivations are included within Advanced Topics sections, enabling use at a range of levels. 
Extensive online resources, including films and software for network analysis, make this a 
multifaceted companion for anyone with an interest in network science.

The Structure and Dynamics of Networks

A.-L. Barabási, M. Newman, D.J.Watts
From the Internet to networks of friendship, disease transmission, and even terrorism, the concept-and the 
reality-of networks has come to pervade modern society. But what exactly is a network? What different types 
of networks are there? Why are they interesting, and what can they tell us? In recent years, scientists from a 
range of fields-including mathematics, physics, computer science, sociology, and biology-have been pursuing 
these questions and building a new "science of networks." This book brings together for the first time a set of 
seminal articles representing research from across these disciplines. It is an ideal sourcebook for the key 
research in this fast-growing field. The book is organized into four sections, each preceded by an editors' 
introduction summarizing its contents and general theme. The first section sets the stage by discussing some 
of the historical antecedents of contemporary research in the area. From there the book moves to the 
empirical side of the science of networks before turning to the foundational modeling ideas that have been the 
focus of much subsequent activity. The book closes by taking the reader to the cutting edge of network 
science--the relationship between network structure and system dynamics. From network robustness to the 
spread of disease, this section offers a potpourri of topics on this rapidly expanding frontier of the new 
science.
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… where “basic” units interact each others

At smaller scale support for the spread of signals 

(memory, actions, thoughts, …)

• Information

• Opinions

• Likes

• Viruses

• …

Support for the spread of

At larger scale 

support for the spread of goods
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Research question: understand the system behaviour 

Reductionist approach 

(e.g., grand unified theory)

vs.

Holistic approach 

(e.g., complex systems)



www.unamur.be timoteo.carletti@unamur.be

Outlook of the lectures

• Some basic facts about dynamical systems theory;


• A short introduction about network theory;


• Networked dynamical systems: Turing patterns;


• Beyond network theory (if time will allow).


• Synchronisation on complex networks;


• Synchronisation on temporal networks;


• Network-based control of multi-agent systems.
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Dynamical Systems
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Dynamical Systems

Continuous time

phase space (state space)

<latexit sha1_base64="NK0qrGpqqVx5L7+2rnanrPqRX6s=">AAACHHicbVDLSsNAFJ3UV62vqks3wSLUTUm0qAiFohuXFewD2lAmk0k7dPJg5qZYQj7Ejb/ixoUiblwI/o3TNIK2Hhg495x7uXOPHXImwTC+tNzS8srqWn69sLG5tb1T3N1rySAShDZJwAPRsbGknPm0CQw47YSCYs/mtG2Prqd+e0yFZIF/B5OQWh4e+MxlBIOS+sXTnhNA3BtTEt8nyWWt5wpMYudHiB1IamnhJuVMPO4XS0bFSKEvEjMjJZSh0S9+qC0k8qgPhGMpu6YRghVjAYxwmhR6kaQhJiM8oF1FfexRacXpcYl+pBRHdwOhng96qv6eiLEn5cSzVaeHYSjnvan4n9eNwL2wYuaHEVCfzBa5Edch0KdJ6Q4TlACfKIKJYOqvOhliFQ+oPAsqBHP+5EXSOqmYZ5XqbbVUv8riyKMDdIjKyETnqI5uUAM1EUEP6Am9oFftUXvW3rT3WWtOy2b20R9on9+YKKOM</latexit>

~̇x :=
d~x

dt
= ~f(~x)

<latexit sha1_base64="sIevHsuQpaO3YPZKoIzWD23DqO4="></latexit>8
>><

>>:

ẋ1 = dx1
dt = f1(x1, . . . , xn)
...

ẋn = dxn
dt = fn(x1, . . . , xn)

<latexit sha1_base64="3BcdApAOGTsQsAgVF7w+bm5c2eA=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxC3ZQZKepGKLpxWcE+oC1DJs20oZnMkNwplrELf8WNC0Xc+hvu/BvTdhbaeuDCyTn3knuPHwuuwXG+raXlldW19dxGfnNre2fX3tuv6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHNxO/MWRK80jewyhmnZD0JA84JWAkzz5sDxlNH8ZF8JzTq+zhOZ5dcErOFHiRuBkpoAxVz/5qdyOahEwCFUTrluvE0EmJAk4FG+fbiWYxoQPSYy1DJQmZ7qTT/cf4xChdHETKlAQ8VX9PpCTUehT6pjMk0Nfz3kT8z2slEFx2Ui7jBJiks4+CRGCI8CQM3OWKURAjQwhV3OyKaZ8oQsFEljchuPMnL5L6Wck9L5XvyoXKdRZHDh2hY1RELrpAFXSLqqiGKHpEz+gVvVlP1ov1bn3MWpesbOYA/YH1+QN7j5XE</latexit>

~x(t0) = ~x0 initial condition

Time evolution

<latexit sha1_base64="CGVYl4+lPB8wYyprU0fINKPWAF4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUV+4Amlsl02g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMniAXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHqBEQzwSVrIkfBOrFiJAwEawfj68xvPzKleSTvcRIzPyRDyQecEjTSA3pceiHBURCkd9NeueJUnRnsZeLmpAI5Gr3yl9ePaBIyiVQQrbuuE6OfEoWcCjYteYlmMaFjMmRdQyUJmfbTWeqpfWKUvj2IlHkS7Zn6eyMlodaTMDCTWUK96GXif143wcGln3IZJ8gknR8aJMLGyM4qsPtcMYpiYgihipusNh0RRSiaokqmBHfxy8ukdVZ1z6u121qlfpXXUYQjOIZTcOEC6nADDWgCBQXP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/6H2Syg==</latexit>

t 2 R
<latexit sha1_base64="08hA66UGtX8VopQBAmULPnIrqTU="></latexit>

~x = (x1, . . . , xn)
> 2 A ⇢ Rn

<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn

<latexit sha1_base64="5a3jtcUqnyUp6j2FJhbbgZl2/AM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6F6jXA=</latexit>

} Cauchy problem
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Dynamical Systems

Continuous time
<latexit sha1_base64="CGVYl4+lPB8wYyprU0fINKPWAF4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUV+4Amlsl02g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMniAXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHqBEQzwSVrIkfBOrFiJAwEawfj68xvPzKleSTvcRIzPyRDyQecEjTSA3pceiHBURCkd9NeueJUnRnsZeLmpAI5Gr3yl9ePaBIyiVQQrbuuE6OfEoWcCjYteYlmMaFjMmRdQyUJmfbTWeqpfWKUvj2IlHkS7Zn6eyMlodaTMDCTWUK96GXif143wcGln3IZJ8gknR8aJMLGyM4qsPtcMYpiYgihipusNh0RRSiaokqmBHfxy8ukdVZ1z6u121qlfpXXUYQjOIZTcOEC6nADDWgCBQXP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/6H2Syg==</latexit>

t 2 R
<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn Sufficiently regular to ensure existence and uniqueness 
of the solution                 of the Cauchy problem

<latexit sha1_base64="9Sp9B9faMMJVYq9qmjR8AQUds7U=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqOCm6MZlBfuAJoTJdNIOnUzCzKRYQsCNv+LGhSJu/Ql3/o3TNAttPXDhzDn3MvceP2ZUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDP1O2MiJI34vZrExA3RgNOAYqS05JmHzpjg1BkjEQ9pVlVX+fsh86xTz6xYNSsHXCR2QSqgQNMzv5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFumt+QwROt9GEQCV1cwVz9PZGiUMpJ6OvOEKmhnPem4n9eL1HBpZtSHieKcDz7KEgYVBGcBgL7VBCs2EQThAXVu0I8RAJhpWMr6xDs+ZMXSfusZp/X6nf1SuO6iKMEjsAxqAIbXIAGuAVN0AIYPIJn8ArejCfjxXg3PmatS0YxcwD+wPj8AQ7xl8k=</latexit>

~'(t; ~x0)

f Lipschitz is enough [Picard theorem]
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Dynamical Systems

Continuous time
<latexit sha1_base64="CGVYl4+lPB8wYyprU0fINKPWAF4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUV+4Amlsl02g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMniAXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHqBEQzwSVrIkfBOrFiJAwEawfj68xvPzKleSTvcRIzPyRDyQecEjTSA3pceiHBURCkd9NeueJUnRnsZeLmpAI5Gr3yl9ePaBIyiVQQrbuuE6OfEoWcCjYteYlmMaFjMmRdQyUJmfbTWeqpfWKUvj2IlHkS7Zn6eyMlodaTMDCTWUK96GXif143wcGln3IZJ8gknR8aJMLGyM4qsPtcMYpiYgihipusNh0RRSiaokqmBHfxy8ukdVZ1z6u121qlfpXXUYQjOIZTcOEC6nADDWgCBQXP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/6H2Syg==</latexit>

t 2 R
<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn Sufficiently regular to ensure existence and uniqueness 
of the solution                 of the Cauchy problem

<latexit sha1_base64="9Sp9B9faMMJVYq9qmjR8AQUds7U=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqOCm6MZlBfuAJoTJdNIOnUzCzKRYQsCNv+LGhSJu/Ql3/o3TNAttPXDhzDn3MvceP2ZUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDP1O2MiJI34vZrExA3RgNOAYqS05JmHzpjg1BkjEQ9pVlVX+fsh86xTz6xYNSsHXCR2QSqgQNMzv5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFumt+QwROt9GEQCV1cwVz9PZGiUMpJ6OvOEKmhnPem4n9eL1HBpZtSHieKcDz7KEgYVBGcBgL7VBCs2EQThAXVu0I8RAJhpWMr6xDs+ZMXSfusZp/X6nf1SuO6iKMEjsAxqAIbXIAGuAVN0AIYPIJn8ArejCfjxXg3PmatS0YxcwD+wPj8AQ7xl8k=</latexit>

~'(t; ~x0)

<latexit sha1_base64="NzR9/LGBd+OJq+dqD+LKvtS5iJw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUlipBFbAgFVgYi0QfUlNVjuu0Vh0nsp2KKsrOwq+wMIAQKz/Axt/gpBmg5UiWj865V/fe44aMSmVZ30ZhZXVtfaO4Wdra3tndM/cP2jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxJzep35kSIWnA79UsJH0fjTj1KEZKSwOz7EwJjr2kmv0Pycml4yM1dr34KsmlgVmxalYGuEzsnFRAjubA/HKGAY58whVmSMqebYWqHyOhKGYkKTmRJCHCEzQiPU058onsx9ktCTzWyhB6gdCPK5ipvzti5Es5811dmS4qF71U/M/rRcq76MeUh5EiHM8HeRGDKoBpMHBIBcGKzTRBWFC9K8RjJBBWOr6SDsFePHmZtE9r9lmtflevNK7zOIrgCJRBFdjgHDTALWiCFsDgETyDV/BmPBkvxrvxMS8tGHnPIfgD4/MH+TqbqQ==</latexit>

~f(~x) = A~x
<latexit sha1_base64="jcr5jBv0/BBsAxvSzBmw1Uhwsxc=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqJqUpQBYwFFsaC6ENqSuW4TmvVcSLbQaqifAALv8LCAEKsfAAbf4PTZoCWI1k6Pude3XuPF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vsr89gOVioXiTk8i2gvwUDCfEayN1C9X3ADrkecnF6nLxOzjJbfpfSJczQKqkEhNlV21p0CLxMlJBXI0+uUvdxCSOKBCE46V6jp2pHsJlpoRTtOSGysaYTLGQ9o1VGAzp5dMj0nRkVEGyA+leUKjqfq7I8GBUpPAM5XZtmrey8T/vG6s/fNewkQUayrIbJAfc6RDlCWDBkxSovnEEEwkM7siMsISE23yK5kQnPmTF0nrpOqcVms3tUr9Mo+jCAdwCMfgwBnU4Roa0AQCj/AMr/BmPVkv1rv1MSstWHnPPvyB9fkD7zKcMA==</latexit>

A 2 Rn⇥n

Linear case if “only monomials in        are present“<latexit sha1_base64="AXT9Oh6wmS9/vantioQFAkieeyU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNjfo3h</latexit>xi

Non-Linear case, all the remaining ones

<latexit sha1_base64="sGh8Bia6RbBvbsaHyc9193XJMVA=">AAACInicbVDJSgNBEO1xjXGLevQyGAQ9GGYkuCBC1IvHCGaBTAw9nRrTpGehuyYYhvkWL/6KFw+KehL8GDsLotEHDa/fq6KqnhsJrtCyPoyp6ZnZufnMQnZxaXllNbe2XlVhLBlUWChCWXepAsEDqCBHAfVIAvVdATW3ezHwaz2QiofBNfYjaPr0NuAeZxS11ModOz1gidOjMurwdAdPhv+7tGXtnsJN4vgUO66XnGlrD7WYfvutXN4qWEOYf4k9JnkyRrmVe3PaIYt9CJAJqlTDtiJsJlQiZwLSrBMriCjr0ltoaBpQH1QzGZ6YmttaaZteKPUL0ByqPzsS6ivV911dOVhZTXoD8T+vEaN31Ex4EMUIARsN8mJhYmgO8jLbXAJD0deEMsn1ribrUEkZ6lSzOgR78uS/pLpfsA8KxativnQ+jiNDNskW2SE2OSQlcknKpEIYuSeP5Jm8GA/Gk/FqvI9Kp4xxzwb5BePzC/yipIw=</latexit>

~'(t; ~x0) = eA(t�t0)~x0
<latexit sha1_base64="SncQtubazblIrkPvOFUrZviHnt0="></latexit>

eAt :=
X

n�0

tn

n!
An
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Dynamical Systems

Continuous time
<latexit sha1_base64="CGVYl4+lPB8wYyprU0fINKPWAF4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUV+4Amlsl02g6dTMLMjVJC/8ONC0Xc+i/u/BsnbRbaemDgcM693DMniAXX6DjfVmFldW19o7hZ2tre2d0r7x+0dJQoypo0EpHqBEQzwSVrIkfBOrFiJAwEawfj68xvPzKleSTvcRIzPyRDyQecEjTSA3pceiHBURCkd9NeueJUnRnsZeLmpAI5Gr3yl9ePaBIyiVQQrbuuE6OfEoWcCjYteYlmMaFjMmRdQyUJmfbTWeqpfWKUvj2IlHkS7Zn6eyMlodaTMDCTWUK96GXif143wcGln3IZJ8gknR8aJMLGyM4qsPtcMYpiYgihipusNh0RRSiaokqmBHfxy8ukdVZ1z6u121qlfpXXUYQjOIZTcOEC6nADDWgCBQXP8Apv1pP1Yr1bH/PRgpXvHMIfWJ8/6H2Syg==</latexit>

t 2 R
<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn Sufficiently regular to ensure existence and uniqueness 
of the solution                 of the Cauchy problem

<latexit sha1_base64="9Sp9B9faMMJVYq9qmjR8AQUds7U=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqOCm6MZlBfuAJoTJdNIOnUzCzKRYQsCNv+LGhSJu/Ql3/o3TNAttPXDhzDn3MvceP2ZUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDP1O2MiJI34vZrExA3RgNOAYqS05JmHzpjg1BkjEQ9pVlVX+fsh86xTz6xYNSsHXCR2QSqgQNMzv5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFumt+QwROt9GEQCV1cwVz9PZGiUMpJ6OvOEKmhnPem4n9eL1HBpZtSHieKcDz7KEgYVBGcBgL7VBCs2EQThAXVu0I8RAJhpWMr6xDs+ZMXSfusZp/X6nf1SuO6iKMEjsAxqAIbXIAGuAVN0AIYPIJn8ArejCfjxXg3PmatS0YxcwD+wPj8AQ7xl8k=</latexit>

~'(t; ~x0)

<latexit sha1_base64="NzR9/LGBd+OJq+dqD+LKvtS5iJw=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoVUlipBFbAgFVgYi0QfUlNVjuu0Vh0nsp2KKsrOwq+wMIAQKz/Axt/gpBmg5UiWj865V/fe44aMSmVZ30ZhZXVtfaO4Wdra3tndM/cP2jKIBCYtHLBAdF0kCaOctBRVjHRDQZDvMtJxJzep35kSIWnA79UsJH0fjTj1KEZKSwOz7EwJjr2kmv0Pycml4yM1dr34KsmlgVmxalYGuEzsnFRAjubA/HKGAY58whVmSMqebYWqHyOhKGYkKTmRJCHCEzQiPU058onsx9ktCTzWyhB6gdCPK5ipvzti5Es5811dmS4qF71U/M/rRcq76MeUh5EiHM8HeRGDKoBpMHBIBcGKzTRBWFC9K8RjJBBWOr6SDsFePHmZtE9r9lmtflevNK7zOIrgCJRBFdjgHDTALWiCFsDgETyDV/BmPBkvxrvxMS8tGHnPIfgD4/MH+TqbqQ==</latexit>

~f(~x) = A~x
<latexit sha1_base64="jcr5jBv0/BBsAxvSzBmw1Uhwsxc=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqJqUpQBYwFFsaC6ENqSuW4TmvVcSLbQaqifAALv8LCAEKsfAAbf4PTZoCWI1k6Pude3XuPF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vsr89gOVioXiTk8i2gvwUDCfEayN1C9X3ADrkecnF6nLxOzjJbfpfSJczQKqkEhNlV21p0CLxMlJBXI0+uUvdxCSOKBCE46V6jp2pHsJlpoRTtOSGysaYTLGQ9o1VGAzp5dMj0nRkVEGyA+leUKjqfq7I8GBUpPAM5XZtmrey8T/vG6s/fNewkQUayrIbJAfc6RDlCWDBkxSovnEEEwkM7siMsISE23yK5kQnPmTF0nrpOqcVms3tUr9Mo+jCAdwCMfgwBnU4Roa0AQCj/AMr/BmPVkv1rv1MSstWHnPPvyB9fkD7zKcMA==</latexit>

A 2 Rn⇥n

Linear case if “only monomials in        are present“<latexit sha1_base64="AXT9Oh6wmS9/vantioQFAkieeyU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+rxXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QNjfo3h</latexit>xi

Non-Linear case, all the remaining ones

Autonomous vs non-autonomous
<latexit sha1_base64="OIjPLv7eIOBTNCCwmZcmsbTVb4o=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQQUoiRV0W3bisYB/QhjKZTtqhk0mYmZSWkF9x40IRt/6IO//GaZqFth643MM59zJ3jhcxKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTe4XfmdKhKQhf1LziLgBGnHqU4yUlgZmuT8lOPHTatZn6aW6GJgVu2ZnsNaJk5MK5GgOzK/+MMRxQLjCDEnZc+xIuQkSimJG0lI/liRCeIJGpKcpRwGRbpLdnlrnWhlafih0cWVl6u+NBAVSzgNPTwZIjeWqtxD/83qx8m/dhPIoVoTj5UN+zCwVWosgrCEVBCs21wRhQfWtFh4jgbDScZV0CM7ql9dJ+6rmXNfqj/VK4y6PowincAZVcOAGGvAATWgBhhk8wyu8GanxYrwbH8vRgpHvnMAfGJ8/5e6UWw==</latexit>

~f(~x, t)
<latexit sha1_base64="EmlVJHDuPV8him05Pny9W1JuKUA=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXRjcsK9gFtKJPppB06mYSZSbGE/IkbF4q49U/c+TdO0yy09cDlHs65l7lz/JgzpR3n21pb39jc2i7tlHf39g8O7aPjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yd3c70ypVCwSj3oWUy/EI8ECRrA20sC2+1NK0iCr5v0puxjYFafm5ECrxC1IBQo0B/ZXfxiRJKRCE46V6rlOrL0US80Ip1m5nygaYzLBI9ozVOCQKi/NL8/QuVGGKIikKaFRrv7eSHGo1Cz0zWSI9Vgte3PxP6+X6ODGS5mIE00FWTwUJBzpCM1jQEMmKdF8ZggmkplbERljiYk2YZVNCO7yl1dJ+7LmXtXqD/VK47aIowSncAZVcOEaGnAPTWgBgSk8wyu8Wan1Yr1bH4vRNavYOYE/sD5/AJv7k6c=</latexit>

~f(~x)

<latexit sha1_base64="sGh8Bia6RbBvbsaHyc9193XJMVA=">AAACInicbVDJSgNBEO1xjXGLevQyGAQ9GGYkuCBC1IvHCGaBTAw9nRrTpGehuyYYhvkWL/6KFw+KehL8GDsLotEHDa/fq6KqnhsJrtCyPoyp6ZnZufnMQnZxaXllNbe2XlVhLBlUWChCWXepAsEDqCBHAfVIAvVdATW3ezHwaz2QiofBNfYjaPr0NuAeZxS11ModOz1gidOjMurwdAdPhv+7tGXtnsJN4vgUO66XnGlrD7WYfvutXN4qWEOYf4k9JnkyRrmVe3PaIYt9CJAJqlTDtiJsJlQiZwLSrBMriCjr0ltoaBpQH1QzGZ6YmttaaZteKPUL0ByqPzsS6ivV911dOVhZTXoD8T+vEaN31Ex4EMUIARsN8mJhYmgO8jLbXAJD0deEMsn1ribrUEkZ6lSzOgR78uS/pLpfsA8KxativnQ+jiNDNskW2SE2OSQlcknKpEIYuSeP5Jm8GA/Gk/FqvI9Kp4xxzwb5BePzC/yipIw=</latexit>

~'(t; ~x0) = eA(t�t0)~x0

explicit dependence on time
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<latexit sha1_base64="zQx9Ww2DC5NqbAsZFgtz4KF7djg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoCCWRom6EohuXFewD2hAm00k7dDIJM5NiCdm68VfcuFDErX/gzr9xmkbQ1gMXzpxzL3Pv8SJGpbKsL6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+up3x4TIWnI79QkIk6ABpz6FCOlJdeEvTHByX3qJvzETi+zl59WflR+7Jplq2plgIvEzkkZ5Gi45mevH+I4IFxhhqTs2laknAQJRTEjaakXSxIhPEID0tWUo4BIJ8kuSeGRVvrQD4UurmCm/p5IUCDlJPB0Z4DUUM57U/E/rxsr/8JJKI9iRTiefeTHDKoQTmOBfSoIVmyiCcKC6l0hHiKBsNLhlXQI9vzJi6R1WrXPqrXbWrl+lcdRBAfgEFSADc5BHdyABmgCDB7AE3gBr8aj8Wy8Ge+z1oKRz+yDPzA+vgHsc5p8</latexit>

~xn+1 = ~f(~xn)

Time evolution

<latexit sha1_base64="UuBEvVwG6jUSi071ciWR/XdPBnE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPSUDbbTbt0sxt2N8US8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOO72Z+Z0KVZlI8mmlCgxgPBYsYwcZKfm9CSfaU9zM371drbt2dA60SryA1KNDsV796A0nSmApDONba99zEBBlWhhFO80ov1TTBZIyH1LdU4JjqIJufnKMzqwxQJJUtYdBc/T2R4VjraRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEs//RgClKDJ9agoli9lZERlhhYmxKFRuCt/zyKmlf1L2r+uXDZa1xW8RRhhM4hXPw4BoacA9NaAEBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wen0ZGC</latexit>

~x0

<latexit sha1_base64="08hA66UGtX8VopQBAmULPnIrqTU="></latexit>

~x = (x1, . . . , xn)
> 2 A ⇢ Rn

<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn

<latexit sha1_base64="EnW7mPxmFDXC7H1ilynzLcN+kvk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjSupYB/QxDKZTtqhk0mYmSgl9D/cuFDErf/izr9xkmahrQcGDufcyz1z/JgzpW372yqtrK6tb5Q3K1vbO7t71f2DjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9yXXmdx+pVCwS93oaUy/EI8ECRrA20oNwmXBDrMe+n97OBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTWcVNFI0xmeAR7RsqcEiVl+apZ+jEKEMURNI8oVGu/t5IcajUNPTNZJZQLXqZ+J/XT3Rw6aVMxImmgswPBQlHOkJZBWjIJCWaTw3BRDKTFZExlphoU1TFlOAsfnmZdM7qznm9cdeoNa+KOspwBMdwCg5cQBNuoAVtICDhGV7hzXqyXqx362M+WrKKnUP4A+vzB9kDksA=</latexit>

n 2 N
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<latexit sha1_base64="zQx9Ww2DC5NqbAsZFgtz4KF7djg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoCCWRom6EohuXFewD2hAm00k7dDIJM5NiCdm68VfcuFDErX/gzr9xmkbQ1gMXzpxzL3Pv8SJGpbKsL6OwtLyyulZcL21sbm3vmLt7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl7o+up3x4TIWnI79QkIk6ABpz6FCOlJdeEvTHByX3qJvzETi+zl59WflR+7Jplq2plgIvEzkkZ5Gi45mevH+I4IFxhhqTs2laknAQJRTEjaakXSxIhPEID0tWUo4BIJ8kuSeGRVvrQD4UurmCm/p5IUCDlJPB0Z4DUUM57U/E/rxsr/8JJKI9iRTiefeTHDKoQTmOBfSoIVmyiCcKC6l0hHiKBsNLhlXQI9vzJi6R1WrXPqrXbWrl+lcdRBAfgEFSADc5BHdyABmgCDB7AE3gBr8aj8Wy8Ge+z1oKRz+yDPzA+vgHsc5p8</latexit>

~xn+1 = ~f(~xn)

Time evolution

<latexit sha1_base64="UuBEvVwG6jUSi071ciWR/XdPBnE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPSUDbbTbt0sxt2N8US8jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCorWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBOO72Z+Z0KVZlI8mmlCgxgPBYsYwcZKfm9CSfaU9zM371drbt2dA60SryA1KNDsV796A0nSmApDONba99zEBBlWhhFO80ov1TTBZIyH1LdU4JjqIJufnKMzqwxQJJUtYdBc/T2R4VjraRzazhibkV72ZuJ/np+a6CbImEhSQwVZLIpSjoxEs//RgClKDJ9agoli9lZERlhhYmxKFRuCt/zyKmlf1L2r+uXDZa1xW8RRhhM4hXPw4BoacA9NaAEBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wen0ZGC</latexit>

~x0

<latexit sha1_base64="08hA66UGtX8VopQBAmULPnIrqTU="></latexit>

~x = (x1, . . . , xn)
> 2 A ⇢ Rn

<latexit sha1_base64="gNDMCUnf2CVLpI8xSl497xT2888=">AAACFHicbVDLSsNAFJ3UV62vqks3g0UQhJJIUXFVdeOyin1AE8tkOmmHTjJhZlIpIR/hxl9x40IRty7c+TdO0iy09cDA4ZxzmXuPGzIqlWl+G4WFxaXlleJqaW19Y3OrvL3TkjwSmDQxZ1x0XCQJowFpKqoY6YSCIN9lpO2OrlK/PSZCUh7cqUlIHB8NAupRjJSWeuUje0xw7CXn0PaRGmLE4ovEFnQwVEgI/pCprhvfJvc6XTGrZgY4T6ycVECORq/8Zfc5jnwSKMyQlF3LDJUTI6EoZiQp2ZEkIcIjNCBdTQPkE+nE2VEJPNBKH3pc6BcomKm/J2LkSznxXZ1Md5SzXir+53Uj5Z05MQ3CSJEATz/yIgYVh2lDsE8FwYpNNEFYUL0rxEMkEFa6x5IuwZo9eZ60jqvWSbV2U6vUL/M6imAP7INDYIFTUAfXoAGaAINH8AxewZvxZLwY78bHNFow8pld8AfG5w9XBJ+o</latexit>

~f : A ! Rn

<latexit sha1_base64="EnW7mPxmFDXC7H1ilynzLcN+kvk=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjSupYB/QxDKZTtqhk0mYmSgl9D/cuFDErf/izr9xkmahrQcGDufcyz1z/JgzpW372yqtrK6tb5Q3K1vbO7t71f2DjooSSWibRDySPR8rypmgbc00p71YUhz6nHb9yXXmdx+pVCwS93oaUy/EI8ECRrA20oNwmXBDrMe+n97OBtWaXbdzoGXiFKQGBVqD6pc7jEgSUqEJx0r1HTvWXoqlZoTTWcVNFI0xmeAR7RsqcEiVl+apZ+jEKEMURNI8oVGu/t5IcajUNPTNZJZQLXqZ+J/XT3Rw6aVMxImmgswPBQlHOkJZBWjIJCWaTw3BRDKTFZExlphoU1TFlOAsfnmZdM7qznm9cdeoNa+KOspwBMdwCg5cQBNuoAVtICDhGV7hzXqyXqx362M+WrKKnUP4A+vzB9kDksA=</latexit>

n 2 N
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Equilibrium point :

Dynamical Systems

<latexit sha1_base64="hwK38aOtuLat/1vtVu9w4zI7558="></latexit>

~x⇤ 2 A : ~f(~x⇤) = 0 ) ~x(t) = ~x⇤ 8t
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Equilibrium point :

Stability of the equilibrium point :

Dynamical Systems

<latexit sha1_base64="hwK38aOtuLat/1vtVu9w4zI7558="></latexit>

~x⇤ 2 A : ~f(~x⇤) = 0 ) ~x(t) = ~x⇤ 8t

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤ is (locally) stable (or Lyapunov stable) if

<latexit sha1_base64="XftljktfRZpyWMbKuUH1QpMtxyg="></latexit>

) |~'(t; ~x0)� ~x⇤| < ✏ 8t � 0

<latexit sha1_base64="FSJaRb8h26z+evWPBtU/HVQBRa0="></latexit>

8✏ > 0 9�(✏) > 0 : 8~x0 : |~x0 � ~x⇤| < �
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Equilibrium point :

Stability of the equilibrium point :

Dynamical Systems

<latexit sha1_base64="hwK38aOtuLat/1vtVu9w4zI7558="></latexit>

~x⇤ 2 A : ~f(~x⇤) = 0 ) ~x(t) = ~x⇤ 8t

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤ is asymptotically (locally) stable if
<latexit sha1_base64="+t64blWyGl6KpgzjnmfngZEmdfY="></latexit>

9�(~x⇤) > 0 : 8~x0 : |~x0 � ~x⇤| < �
<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

<latexit sha1_base64="Wojm8KNqHSFqUJTxOtV+XtrDBWg="></latexit>

~'(t; ~x0) !
t!+1

~x⇤
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Linear stability analysis of the equilibrium point :

Dynamical Systems

<latexit sha1_base64="hwK38aOtuLat/1vtVu9w4zI7558="></latexit>

~x⇤ 2 A : ~f(~x⇤) = 0 ) ~x(t) = ~x⇤ 8t

Let be the Jacobian matrix, i.e.,
<latexit sha1_base64="oOGRDDBU6FHXgA/RHisZY2lbQJo=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoLkoiRd0IRTfSVQX7gCaWyXTSDp08mJmUlpB/cuOPuBDEhSJu/QcnaRe19cDA4Zx7uXOOEzIqpGG8abmV1bX1jfxmYWt7Z3dP3z9oiiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzvE391ohwQQP/QU5CYnuo71OXYiSV1NVrlofkwHHjWlKyRgTH4+Tx7PTacjnCsRUiLiliMHPcJFlQxsn8UlcvGmUjA1wm5owUwQz1rv5i9QIcecSXmCEhOqYRSjtOL2BGkoIVCRIiPER90lHURx4RdpxlTuCJUnrQDbh6voSZOr8RI0+IieeoyTShWPRS8T+vE0n3yo6pH0aS+Hh6yI0YlAFMC4Q9ygmWbKIIwpyqv0I8QKouqWouqBLMxcjLpHleNi/KlftKsXozqyMPjsAxKAETXIIquAN10AAYPIFX8AE+tWftXfvSvqejOW22cwj+QPv5BRQ3rGc=</latexit>

J(~x⇤) =
@ ~f

@~x
(~x⇤)

<latexit sha1_base64="VmZ2HxjsxCjbsMXzR14dkqXjM3A=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUF2VGiroRiroQVxXsAzp1yKSZNjbzIMmUljA/5MZfEcFFRdz6G6aPRR9eCJycc89N7nEjRoU0zaGRWlldW99Ib2a2tnd297L7B1URxhyTCg5ZyOsuEoTRgFQklYzUI06Q7zJSc7u3I73WI1zQMHiSg4g0fdQOqEcxkppysnfqIXEUfUnydo9g1U+ez06vbY8jrOwIcUkRg8pLHJrM3PuJM2dwsjmzYI4LLgNrCnJgWmUn+2G3Qhz7JJCYISEalhnJphrNx4wkGTsWJEK4i9qkoWGAfCKaarxtAk8004JeyPUJJByzsw6FfCEGvqs7fSQ7YlEbkf9pjVh6V01FgyiWJMCTh7yYQRnCUXSwRTnBkg00QJhT/VeIO0hHJXXAGR2CtbjyMqieF6yLQvGxmCvdTONIgyNwDPLAApegBO5BGVQABq/gHQzBl/FmfBrfxs+kNWVMPYdgrozfPyKIqeQ=</latexit>

Jij(~x
⇤) =

@fi
@xj

(~x⇤)
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Linear stability analysis of the equilibrium point :

Dynamical Systems

<latexit sha1_base64="hwK38aOtuLat/1vtVu9w4zI7558="></latexit>

~x⇤ 2 A : ~f(~x⇤) = 0 ) ~x(t) = ~x⇤ 8t

Let be the Jacobian matrix, i.e.,

Let
<latexit sha1_base64="Em+xnIhmguQTf04K4MsIZCwh1Xo=">AAACAnicbVDLSgMxFL3js9ZX1ZW4GSyCi1JmpKjLohuXFewD2qFkMpk2NJMZkjtCGYobf8WNC0Xc+hXu/BvTh6CtBwIn59x7k3v8RHCNjvNlLS2vrK6t5zbym1vbO7uFvf2GjlNFWZ3GIlYtn2gmuGR15ChYK1GMRL5gTX9wPfab90xpHss7HCbMi0hP8pBTgkbqFg47whQHpOuWOkGMuvRzN17RKTsT2IvEnZEizFDrFj7NBJpGTCIVROu26yToZUQhp4KN8p1Us4TQAemxtqGSREx72WSFkX1ilMAOY2WORHui/u7ISKT1MPJNZUSwr+e9sfif104xvPQyLpMUmaTTh8JU2Bjb4zzsgCtGUQwNIVRx81eb9okiFE1qeROCO7/yImmcld3zcuW2UqxezeLIwREcwym4cAFVuIEa1IHCAzzBC7xaj9az9Wa9T0uXrFnPAfyB9fENnzaW8w==</latexit>

�1, . . . ,�n be the eigenvalues of             then   

if
<latexit sha1_base64="LdqLL67ZwOhlb4g59UFcpdhQnn0=">AAACDXicbVC7SgNBFL0bXzG+opY2g1GwCGFXggoqBG0so5gHZJcwOzubDJl9MDMrhCU/YOOv2FgoYmtv5984SbbQxAMDh3POZe49bsyZVKb5beQWFpeWV/KrhbX1jc2t4vZOU0aJILRBIh6Jtosl5SykDcUUp+1YUBy4nLbcwfXYbz1QIVkU3qthTJ0A90LmM4KVlrrFA/uO2lznPdxlF6Z9jmw/EphzxC6tsu1FSpZ1rGRWzAnQPLEyUoIM9W7xS0+SJKChIhxL2bHMWDkpFooRTkcFO5E0xmSAe7SjaYgDKp10cs0IHWrFQ3oL/UKFJurviRQHUg4DVycDrPpy1huL/3mdRPlnTsrCOFE0JNOP/IQjFaFxNchjghLFh5pgIpjeFZE+FpgoXWBBl2DNnjxPmscV66RSva2WaldZHXnYg304AgtOoQY3UIcGEHiEZ3iFN+PJeDHejY9pNGdkM7vwB8bnD2vgmoY=</latexit>

<�i < 0 8i = 1, . . . , n then      is asymptotically stable
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

The case of multiple eigenvalues can be handled as well

<latexit sha1_base64="oOGRDDBU6FHXgA/RHisZY2lbQJo=">AAACM3icbVDLSsNAFJ3UV62vqEs3g0WoLkoiRd0IRTfSVQX7gCaWyXTSDp08mJmUlpB/cuOPuBDEhSJu/QcnaRe19cDA4Zx7uXOOEzIqpGG8abmV1bX1jfxmYWt7Z3dP3z9oiiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzvE391ohwQQP/QU5CYnuo71OXYiSV1NVrlofkwHHjWlKyRgTH4+Tx7PTacjnCsRUiLiliMHPcJFlQxsn8UlcvGmUjA1wm5owUwQz1rv5i9QIcecSXmCEhOqYRSjtOL2BGkoIVCRIiPER90lHURx4RdpxlTuCJUnrQDbh6voSZOr8RI0+IieeoyTShWPRS8T+vE0n3yo6pH0aS+Hh6yI0YlAFMC4Q9ygmWbKIIwpyqv0I8QKouqWouqBLMxcjLpHleNi/KlftKsXozqyMPjsAxKAETXIIquAN10AAYPIFX8AE+tWftXfvSvqejOW22cwj+QPv5BRQ3rGc=</latexit>

J(~x⇤) =
@ ~f

@~x
(~x⇤)

<latexit sha1_base64="VmZ2HxjsxCjbsMXzR14dkqXjM3A=">AAACLXicbVDLSgMxFM3UV62vqks3wSJUF2VGiroRiroQVxXsAzp1yKSZNjbzIMmUljA/5MZfEcFFRdz6G6aPRR9eCJycc89N7nEjRoU0zaGRWlldW99Ib2a2tnd297L7B1URxhyTCg5ZyOsuEoTRgFQklYzUI06Q7zJSc7u3I73WI1zQMHiSg4g0fdQOqEcxkppysnfqIXEUfUnydo9g1U+ez06vbY8jrOwIcUkRg8pLHJrM3PuJM2dwsjmzYI4LLgNrCnJgWmUn+2G3Qhz7JJCYISEalhnJphrNx4wkGTsWJEK4i9qkoWGAfCKaarxtAk8004JeyPUJJByzsw6FfCEGvqs7fSQ7YlEbkf9pjVh6V01FgyiWJMCTh7yYQRnCUXSwRTnBkg00QJhT/VeIO0hHJXXAGR2CtbjyMqieF6yLQvGxmCvdTONIgyNwDPLAApegBO5BGVQABq/gHQzBl/FmfBrfxs+kNWVMPYdgrozfPyKIqeQ=</latexit>

Jij(~x
⇤) =

@fi
@xj

(~x⇤)

<latexit sha1_base64="WAd8qSTjo6z0f31/W4LCJnTIeYE=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iE6qIkUtRl0Y24qmAf0MQymU7aoZNJmJkUSwj4K25cKOLW73Dn3zhps9DWAwOHc+7lnjlexKhUlvVtFJaWV1bXiuuljc2t7R1zd68lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW90nfntMRGShvxeTSLiBmjAqU8xUlrqmQdOgNTQ85PbtOKMCU4e04fTk55ZtqrWFHCR2DkpgxyNnvnl9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJNp/BQea6UP/VDoxxWcqr83EhRIOQk8PZmFlfNeJv7ndWPlX7oJ5VGsCMezQ37MoAph1gXsU0GwYhNNEBZUZ4V4iATCSjdW0iXY819eJK2zqn1erd3VyvWrvI4iOARHoAJscAHq4AY0QBNgkIBn8ArejCfjxXg3PmajBSPf2Qd/YHz+AO8ZlXk=</latexit>

J(~x⇤)
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Attention to non-normal matrices

Dynamical Systems

A matrix                       is non-normal iff 
<latexit sha1_base64="jcr5jBv0/BBsAxvSzBmw1Uhwsxc=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqJqUpQBYwFFsaC6ENqSuW4TmvVcSLbQaqifAALv8LCAEKsfAAbf4PTZoCWI1k6Pude3XuPF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vsr89gOVioXiTk8i2gvwUDCfEayN1C9X3ADrkecnF6nLxOzjJbfpfSJczQKqkEhNlV21p0CLxMlJBXI0+uUvdxCSOKBCE46V6jp2pHsJlpoRTtOSGysaYTLGQ9o1VGAzp5dMj0nRkVEGyA+leUKjqfq7I8GBUpPAM5XZtmrey8T/vG6s/fNewkQUayrIbJAfc6RDlCWDBkxSovnEEEwkM7siMsISE23yK5kQnPmTF0nrpOqcVms3tUr9Mo+jCAdwCMfgwBnU4Roa0AQCj/AMr/BmPVkv1rv1MSstWHnPPvyB9fkD7zKcMA==</latexit>

A 2 Rn⇥n
<latexit sha1_base64="dapHtspsItgAMuJ5aWwyz5rOdjs=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwVWZEtMuqG5cV7AM6Y8mkmTY0k4xJRihDf8WNv+LGhSLdiT9jph2oth4InJxzL/feE8SMKu04X1ZhZXVtfaO4Wdra3tnds/cPmkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB8CbzW09EKir4vR7FxI9Qn9OQYqSN1LWrXoT0IAjTq/GcPXhaxNDj5BEuiPNv1y47FWcKuEzcnJRBjnrXnng9gZOIcI0ZUqrjOrH2UyQ1xYyMS16iSIzwEPVJx1COIqL8dHrhGJ4YpQdDIc3jGk7V3x0pipQaRYGpzDZUi14m/ud1Eh1W/ZTyONGE49mgMGFQC5jFBXtUEqzZyBCEJTW7QjxAEmFtQi2ZENzFk5dJ86ziXlTO787Ltes8jiI4AsfgFLjgEtTALaiDBsDgGbyCd/BhvVhv1qc1mZUWrLznEPyB9f0Dglyk+g==</latexit>

AA> 6= A>A

This implies that      cannot be diagonalised with orthogonal vectors
<latexit sha1_base64="BOrGtMPVSe5FNNAQwYrOGGZ0EAM=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG5cV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98m/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ72yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xz+/NK7SavowhHcAyn4MEl1OAO6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPrJSQ7g==</latexit>

A
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Attention to non-normal matrices

Dynamical Systems

A matrix                       is non-normal iff 
<latexit sha1_base64="jcr5jBv0/BBsAxvSzBmw1Uhwsxc=">AAACDHicbVC7TsMwFL0pr1JeBUYWiwqJqUpQBYwFFsaC6ENqSuW4TmvVcSLbQaqifAALv8LCAEKsfAAbf4PTZoCWI1k6Pude3XuPF3GmtG1/W4Wl5ZXVteJ6aWNza3unvLvXUmEsCW2SkIey42FFORO0qZnmtBNJigOP07Y3vsr89gOVioXiTk8i2gvwUDCfEayN1C9X3ADrkecnF6nLxOzjJbfpfSJczQKqkEhNlV21p0CLxMlJBXI0+uUvdxCSOKBCE46V6jp2pHsJlpoRTtOSGysaYTLGQ9o1VGAzp5dMj0nRkVEGyA+leUKjqfq7I8GBUpPAM5XZtmrey8T/vG6s/fNewkQUayrIbJAfc6RDlCWDBkxSovnEEEwkM7siMsISE23yK5kQnPmTF0nrpOqcVms3tUr9Mo+jCAdwCMfgwBnU4Roa0AQCj/AMr/BmPVkv1rv1MSstWHnPPvyB9fkD7zKcMA==</latexit>

A 2 Rn⇥n
<latexit sha1_base64="dapHtspsItgAMuJ5aWwyz5rOdjs=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwVWZEtMuqG5cV7AM6Y8mkmTY0k4xJRihDf8WNv+LGhSLdiT9jph2oth4InJxzL/feE8SMKu04X1ZhZXVtfaO4Wdra3tnds/cPmkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB8CbzW09EKir4vR7FxI9Qn9OQYqSN1LWrXoT0IAjTq/GcPXhaxNDj5BEuiPNv1y47FWcKuEzcnJRBjnrXnng9gZOIcI0ZUqrjOrH2UyQ1xYyMS16iSIzwEPVJx1COIqL8dHrhGJ4YpQdDIc3jGk7V3x0pipQaRYGpzDZUi14m/ud1Eh1W/ZTyONGE49mgMGFQC5jFBXtUEqzZyBCEJTW7QjxAEmFtQi2ZENzFk5dJ86ziXlTO787Ltes8jiI4AsfgFLjgEtTALaiDBsDgGbyCd/BhvVhv1qc1mZUWrLznEPyB9f0Dglyk+g==</latexit>

AA> 6= A>A

This implies that      cannot be diagonalised with orthogonal vectors
<latexit sha1_base64="BOrGtMPVSe5FNNAQwYrOGGZ0EAM=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuqG5cV7APbUjLpnTY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98m/mtJ1SaR/LBTGLshXQoecAZNVZ67IbUjPwgvZ72yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xz+/NK7SavowhHcAyn4MEl1OAO6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPrJSQ7g==</latexit>

A
<latexit sha1_base64="IjSmhHlsHUuEZLVhJCI0EPrXPCY=">AAACDnicbVDLSsNAFJ3UV62vqEs3wVJwVRIp6kaounFZwT6gCWUymbRDJ5MwMymWIV/gxl9x40IRt67d+TdO2iy09cCFwzn3cu89fkKJkLb9bZRWVtfWN8qbla3tnd09c/+gI+KUI9xGMY15z4cCU8JwWxJJcS/hGEY+xV1/fJP73QnmgsTsXk4T7EVwyEhIEJRaGpg1N+QQqcCdYKQeskwFMrt0IyhHfqiuskIemFW7bs9gLROnIFVQoDUwv9wgRmmEmUQUCtF37ER6CnJJEMVZxU0FTiAawyHua8pghIWnZu9kVk0rgRXGXBeT1kz9PaFgJMQ08nVnfqhY9HLxP6+fyvDCU4QlqcQMzReFKbVkbOXZWAHhGEk61QQiTvStFhpBnY/UCVZ0CM7iy8ukc1p3zuqNu0a1eV3EUQZH4BicAAecgya4BS3QBgg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9gfP4AcUWdog==</latexit>

d~x

dt
= A~x

<latexit sha1_base64="EyMMhbaIk2idl1s7ttpXIVN0vwQ=">AAACEHicbZC7TgJBFIZn8YZ4Qy1tJhKjFdklRG1MiDaWmMglYYHMDgNMmN3ZzJwlkoVHsPFVbCw0xtbSzrdxgC0U/JNJvvznnJw5vxcKrsG2v63Uyura+kZ6M7O1vbO7l90/qGoZKcoqVAqp6h7RTPCAVYCDYPVQMeJ7gtW8wc20XhsypbkM7mEUsqZPegHvckrAWO3s6XjsDhmNHybjcatwlXDLBRlil3YkJE47m7Pz9kx4GZwEcihRuZ39cjuSRj4LgAqidcOxQ2jGRAGngk0ybqRZSOiA9FjDYEB8ppvx7KAJPjFOB3elMi8APHN/T8TE13rke6bTJ9DXi7Wp+V+tEUH3shnzIIyABXS+qBsJDBJP08EdrhgFMTJAqOLmr5j2iSIUTIYZE4KzePIyVAt55zxfvCvmStdJHGl0hI7RGXLQBSqhW1RGFUTRI3pGr+jNerJerHfrY96aspKZQ/RH1ucPtu+eSA==</latexit>

||~x||2 = ~x> · ~x

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="PW+J8kiKwe061so+qb8GKBD0A/o=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGVGiroRqm5cVrEP6JSSSTNtaJIZkoxQhv6EG3/FjQtF3Aru/Bsz7Sxs64ELh3Pu5d57/IhRpR3nx8otLa+sruXXCxubW9s79u5eQ4WxxKSOQxbKlo8UYVSQuqaakVYkCeI+I01/eJP6zUciFQ3Fgx5FpMNRX9CAYqSN1LVPPMSiASp5HOmBHyRX4+NLT8WRd088Rft8xunaRafsTAAXiZuRIshQ69rfXi/EMSdCY4aUartOpDsJkppiRsYFL1YkQniI+qRtqECcqE4y+WoMj4zSg0EoTQkNJ+rfiQRxpUbcN53piWreS8X/vHasg4tOQkUUayLwdFEQM6hDmEYEe1QSrNnIEIQlNbdCPEASYW2CLJgQ3PmXF0njtOyelSt3lWL1OosjDw7AISgBF5yDKrgFNVAHGDyBF/AG3q1n69X6sD6nrTkrm9kHM7C+fgFU1J7v</latexit>

↵(A) = sup<�(A)

spectral abscissa

<latexit sha1_base64="IKcFvqFsVpQolN1eh+tXtDG6N38="></latexit>

!(A) = sup�

✓
A+A>

2

◆

numerical abscissa (reactivity)
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Solution 

Stability of a solution :

Dynamical Systems

A solution                 is said orbitally stable (or Poincaré stable) 
<latexit sha1_base64="RA1eiLgfuWFb3Okn8sV7NZVsNiE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaKCm6IblxXsA5oQJtNJO3QyCTOTYgnZ+CtuXCji1s9w5984TbPQ1gMXzpxzL3Pv8WNGpbKsb6O0srq2vlHerGxt7+zumfsHHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen649uZ350QIWnEH9Q0Jm6IhpwGFCOlJc88ciYEp04saVZT1/njMfOsM8+sWnUrB1wmdkGqoEDLM7+cQYSTkHCFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK8pRyGRbpofkMFTrQxgEAldXMFc/T2RolDKaejrzhCpkVz0ZuJ/Xj9RwZWbUh4ninA8/yhIGFQRnKUBB1QQrNhUE4QF1btCPEICYaUzq+gQ7MWTl0nnvG5f1Bv3jWrzpoijDI7BCagBG1yCJrgDLdAGGGTgGbyCN+PJeDHejY95a8koZg7BHxifP59llm0=</latexit>

~ (t; ~x0)
<latexit sha1_base64="HlDgCCtYROxF73RYB3aVcVVc+iU="></latexit>

8✏ > 0 9�(✏) > 0 : 8~x0 : |~x0 � ~x0
0| < �

<latexit sha1_base64="UmRDRK+AfI8kt7fN+/qx8Wnq9ig="></latexit>

) |~'(t; ~x0
0)� ~ (t; ~x0)| < ✏ 8t � 0

<latexit sha1_base64="hpZqxhS75Tbg7ngYEWYJFc6cfZA="></latexit>

~x0 2 A :
d~ (t; ~x0)

dt
= ~f(~ (t; ~x0)) 8t
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T - Periodic solution 

Dynamical Systems

<latexit sha1_base64="hpZqxhS75Tbg7ngYEWYJFc6cfZA="></latexit>

~x0 2 A :
d~ (t; ~x0)

dt
= ~f(~ (t; ~x0)) 8t

<latexit sha1_base64="opwhZcGkADif9E0Qjqu3HRQ5qgQ=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0WoKCWRooIIRTcuK/QFTQiT6aQdOnkwMymW0K9x46+4cVERceenOE2z6MMDA+eecy937nEjRoU0jB8tt7a+sbmV3y7s7O7tH+iHR00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScgePU781JFzQMKjLUURsH/UC6lGMpJIc/d4aEpxYkaDjkrxLi5exY5wv6Bf1Oce6hJYXcsQYlI5eNMpGCrhKzIwUQYaao0+sbohjnwQSMyRExzQiaSeIS4oZGResWJAI4QHqkY6iAfKJsJP0zDE8U0oXqt3qBRKm6vxEgnwhRr6rOn0k+2LZm4r/eZ1Yerd2QoMoliTAs0VerO4L4TQz2KWcYMlGiiDMqforxH3EEZYq2YIKwVw+eZU0r8rmdbnyXClWH7I48uAEnIISMMENqIInUAMNgMEreAcT8Km9aR/al/Y9a81p2cwxWID2+wcuPaWQ</latexit>

~ (t; ~x0) = ~ (t+ T ; ~x0) 8t
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T - Periodic solution 

Poincaré map

Dynamical Systems

<latexit sha1_base64="hpZqxhS75Tbg7ngYEWYJFc6cfZA="></latexit>

~x0 2 A :
d~ (t; ~x0)

dt
= ~f(~ (t; ~x0)) 8t

<latexit sha1_base64="opwhZcGkADif9E0Qjqu3HRQ5qgQ=">AAACJnicbVDLSsNAFJ3UV62vqEs3g0WoKCWRooIIRTcuK/QFTQiT6aQdOnkwMymW0K9x46+4cVERceenOE2z6MMDA+eecy937nEjRoU0jB8tt7a+sbmV3y7s7O7tH+iHR00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScgePU781JFzQMKjLUURsH/UC6lGMpJIc/d4aEpxYkaDjkrxLi5exY5wv6Bf1Oce6hJYXcsQYlI5eNMpGCrhKzIwUQYaao0+sbohjnwQSMyRExzQiaSeIS4oZGResWJAI4QHqkY6iAfKJsJP0zDE8U0oXqt3qBRKm6vxEgnwhRr6rOn0k+2LZm4r/eZ1Yerd2QoMoliTAs0VerO4L4TQz2KWcYMlGiiDMqforxH3EEZYq2YIKwVw+eZU0r8rmdbnyXClWH7I48uAEnIISMMENqIInUAMNgMEreAcT8Km9aR/al/Y9a81p2cwxWID2+wcuPaWQ</latexit>

~ (t; ~x0) = ~ (t+ T ; ~x0) 8t

Let
<latexit sha1_base64="r4s4yN2ZOVvwxu5Osn/35uzzJpY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftZ+M4w==</latexit>

V be a (n-1)-dimensional manifold transverse to the flow of the ODE
. Let

<latexit sha1_base64="rBddeC9LVEcti3tT4Zpc9E7eEAU=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSIyeyK4h6pHoxSMm8khgQ2aHBibMzq4zs0Sy4Tu8eNAYr36MN//GAfagYCWdVKq6090VxIJr47rfzsrq2vrGZm4rv72zu7dfODis6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4O/UbI1SaR/LBjGP0Q9qXvMcZNVby2yNk6dPkrM0lqXcKRbfkzkCWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgZN8O9EYUzakfWxZKmmI2k9nR0/IqVW6pBcpW9KQmfp7IqWh1uMwsJ0hNQO96E3F/7xWYnrXfsplnBiUbL6olwhiIjJNgHS5QmbE2BLKFLe3EjagijJjc8rbELzFl5dJ/aLkXZbK9+Vi5SaLIwfHcALn4MEVVOAOqlADBo/wDK/w5oycF+fd+Zi3rjjZzBH8gfP5A2ixkd8=</latexit>

~x0 2 Vst
<latexit sha1_base64="Rkt0AI5aGbhIA19qzJBI6v6DaqA=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOyMcxOepMhs7PLzGw0LPkPLx4U8eq/ePNvnDwOmljQUFR1090VJIJr47rfTm5ldW19I79Z2Nre2d0r7h/UdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4mfiNISrNY3lvRgm2I9qTPOSMGis9+ENk2dO44/pcknqnWHLL7hRkmXhzUoI5qp3il9+NWRqhNExQrVuem5h2RpXhTOC44KcaE8oGtIctSyWNULez6dVjcmKVLgljZUsaMlV/T2Q00noUBbYzoqavF72J+J/XSk141c64TFKDks0WhakgJiaTCEiXK2RGjCyhTHF7K2F9qigzNqiCDcFbfHmZ1M/K3kX5/O68VLmex5GHIziGU/DgEipwC1WoAQMFz/AKb86j8+K8Ox+z1pwznzmEP3A+fwAwzZJR</latexit>

~x0 2 V close (enough) to, then
<latexit sha1_base64="/GBTO6T8LqCT4QWxQG0P73Jl5WE=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+BQ5mW0MlQQYejF44S9wVpKmmVbWJqWJB2Osm/gxa/ixYMiXr1689uYdUV08w+BX/7P85A8fz9iVCrL+jJyS8srq2v59cLG5tb2jrm715RhLDBp4JCFou0jSRjlpKGoYqQdCYICn5GWP7yZ1lsjIiQNeV2NI+IGqM9pj2KktOWZx86I4MSJJJ2U6pfp5X7iWSdXP+hQDpueWbTKViq4CHYGRZCp5pmfTjfEcUC4wgxJ2bGtSLkJEopiRiYFJ5YkQniI+qSjkaOASDdJ95nAI+10YS8U+nAFU/f3RIICKceBrzsDpAZyvjY1/6t1YtW7cBPKo1gRjmcP9WIGVQin4cAuFQQrNtaAsKD6rxAPkEBY6QgLOgR7fuVFaJ6W7bNy5a5SrF5nceTBATgEJWCDc1AFt6AGGgCDB/AEXsCr8Wg8G2/G+6w1Z2Qz++CPjI9vm8ScYg==</latexit>

~ (T ; ~x0) = ~x0 2 V
<latexit sha1_base64="kHvHzqlvfYlsZfQPogT/SRO2U68=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xkYeBDZkdGpgwO7uZmSWSDV/hxYPGePVzvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7cxvjlFpHskHM4nRD+lA8j5n1FjpsTNGlj5Nu263WHLL7hxklXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgtdBKNMWUjOsC2pZKGqP10fvCUnFmlR/qRsiUNmau/J1Iaaj0JA9sZUjPUy95M/M9rJ6Z/7adcxolByRaL+okgJiKz70mPK2RGTCyhTHF7K2FDqigzNqOCDcFbfnmVNC7K3mW5cl8pVW+yOPJwAqdwDh5cQRXuoAZ1YBDCM7zCm6OcF+fd+Vi05pxs5hj+wPn8Ad3xkHY=</latexit>

~x0

then let
<latexit sha1_base64="4ZRMgVGNCcv3is+norP7wjj1kjY=">AAACHnicbZDLSsNAFIYn9VbrLerSzWCR1k1JpF5AhKIblxXsBZpQJtNpO3QyCTOTYgl5Eje+ihsXigiu9G2ctlG09YeBj/+cw5nzeyGjUlnWp5FZWFxaXsmu5tbWNza3zO2dugwigUkNBywQTQ9JwignNUUVI81QEOR7jDS8wdW43hgSIWnAb9UoJK6Pepx2KUZKW23zuFp0hgTHd0nh8OKbClNyhkiEfZoUVeH8p8mhHNbbZt4qWRPBebBTyINU1bb57nQCHPmEK8yQlC3bCpUbI6EoZiTJOZEkIcID1CMtjRz5RLrx5LwEHminA7uB0I8rOHF/T8TIl3Lke7rTR6ovZ2tj879aK1LdMzemPIwU4Xi6qBsxqAI4zgp2qCBYsZEGhAXVf4W4jwTCSiea0yHYsyfPQ/2oZJ+UyjflfOUyjSML9sA+KAIbnIIKuAZVUAMY3INH8AxejAfjyXg13qatGSOd2QV/ZHx8ASagoeM=</latexit>

P (~x0) = ~x00 = ~'(t0; ~x0) 2 V
<latexit sha1_base64="gfJZ0yFjUwGxmBcIptbl/jr5SBU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9mVUj1J0YvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJndzv/NElWaRfDTTmPoCjyQLGcEmk85v3EG54lbdDGiVeDmpQI7moPzVH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afZrTN0ZpUhCiNlSxqUqb8nUiy0norAdgpsxnrZm4v/eb3EhNd+ymScGCrJYlGYcGQiNH8cDZmixPCpJZgoZm9FZIwVJsbGU7IheMsvr5L2ZdWrV2sPtUrjNo+jCCdwChfgwRU04B6a0AICY3iGV3hzhPPivDsfi9aCk88cwx84nz81o420</latexit>

t0 > 0 the smallest time st
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Dynamical Systems

Stability of T - Periodic solution 
<latexit sha1_base64="j54RO5Lz/6gpG8YYw6FWPSigajM="></latexit>

8✏ > 0 9�(✏) > 0 : 8~x0 : |~x0 � ~x0| < �
<latexit sha1_base64="wgCHZwY9O3NNKfXPYP6vwvAHhG4="></latexit>

) |P �n(~x0)� ~x0| < ✏ 8n � 0

Asymptotically stability
<latexit sha1_base64="pRlRbS3fLcIYcpCswYVjLp4y4mo="></latexit>

|P �n(~x0)� ~x0| !
n!+1

0

Note : <latexit sha1_base64="DrS6YCEAwSBlzt1gRJy7nLtkCQk=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCHVTEinqRii6cVnBXqANYTKdtEMnF2YmxRK78FXcuFDEra/hzrdx2gbR1h8GPv5zDufM78WcSWVZX0ZuaXlldS2/XtjY3NreMXf3GjJKBKF1EvFItDwsKWchrSumOG3FguLA47TpDa4n9eaQCsmi8E6NYuoEuBcynxGstOWaB7VSZ0hJej92rZPLH3TNolW2pkKLYGdQhEw11/zsdCOSBDRUhGMp27YVKyfFQjHC6bjQSSSNMRngHm1rDHFApZNO7x+jY+10kR8J/UKFpu7viRQHUo4CT3cGWPXlfG1i/ldrJ8q/cFIWxomiIZkt8hOOVIQmYaAuE5QoPtKAiWD6VkT6WGCidGQFHYI9/+VFaJyW7bNy5bZSrF5lceThEI6gBDacQxVuoAZ1IPAAT/ACr8aj8Wy8Ge+z1pyRzezDHxkf30CHlaA=</latexit>

P (~x0) = ~x0
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Dynamical Systems

Stability of T - Periodic solution with the Floquet theory

Then there exist                   

<latexit sha1_base64="P9YzXY3R6+evwnclj2nprArvcPU=">AAACEXicbVDLSsNAFJ34rPUVdekmWIS6KYkUdSNU3bisYB/QhDKZTNqhkwczN8US8gtu/BU3LhRx686df+OkzUJbD1w4nHMv997jxpxJMM1vbWl5ZXVtvbRR3tza3tnV9/bbMkoEoS0S8Uh0XSwpZyFtAQNOu7GgOHA57bijm9zvjKmQLArvYRJTJ8CDkPmMYFBSX6/avsAk9ewxJelDlqUeZJd2gGHo+ulVVoWTwunrFbNmTmEsEqsgFVSg2de/bC8iSUBDIBxL2bPMGJwUC2CE06xsJ5LGmIzwgPYUDXFApZNOP8qMY6V4hh8JVSEYU/X3RIoDKSeBqzrzW+W8l4v/eb0E/AsnZWGcAA3JbJGfcAMiI4/H8JigBPhEEUwEU7caZIhVRKBCLKsQrPmXF0n7tGad1ep39UrjuoijhA7REaoiC52jBrpFTdRCBD2iZ/SK3rQn7UV71z5mrUtaMXOA/kD7/AE3W56F</latexit>

d~x

dt
= A(t)~x

<latexit sha1_base64="9nSsEOmgNNwinGHfcS2R6TEkAto=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgthZJIUTdC1Y3LCn1BE8pkMmmHTiZxZiKU0I9w46+4caGIWxfu/BunbRa19cDAmXPv5d5zvJhRqSzrx1hZXVvf2Mxt5bd3dvf2zYPDlowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS94e2k3n4kQtKIN9QoJm6I+pwGFCOlpZ5ZdkKkBl6QXo+LqnQ1/ys3Ss5DgnwniARiDKqeWbAq1hRwmdgZKYAM9Z757fgRTkLCFWZIyq5txcpNkVAUMzLOO4kkMcJD1CddTTkKiXTTqakxPNWKD/Vu/biCU3V+IkWhlKPQ052To+VibSL+V+smKrh0U8rjRBGOZ4uCRPuL4CQh6FNBsGIjTRAWVN8K8QAJhJXOMa9DsBctL5PWWcU+r1Tvq4XaTRZHDhyDE1AENrgANXAH6qAJMHgCL+ANvBvPxqvxYXzOWleMbOYI/IHx9QsBHp4t</latexit>

A(t) = A(t+ T ) 8t

<latexit sha1_base64="0sV2NPuJeo87DBvD8NMsRDubFWw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJUAWNVFsaC6ENqSuW4TmvVcSL7BqmK8gEs/AoLAwix8gFs/A1OmwFajmTp+Jx7de89XiS4Btv+tgorq2vrG8XN0tb2zu5eef+grcNYUdaioQhV1yOaCS5ZCzgI1o0UI4EnWMebXGV+54EpzUN5B9OI9QMyktznlICRBuWKGxAYe37SSF0u5x8vuU3vE+kCD5jGMjVVdtWeAS8TJycVlKM5KH+5w5DGAZNABdG659gR9BOigFPB0pIbaxYROiEj1jNUEjOnn8yOSfGJUYbYD5V5EvBM/d2RkEDraeCZymxbvehl4n9eLwb/sp9wGcXAJJ0P8mOBIcRZMnjIFaMgpoYQqrjZFdMxUYSCya9kQnAWT14m7bOqc16t3dQq9UYeRxEdoWN0ihx0geroGjVRC1H0iJ7RK3qznqwX6936mJcWrLznEP2B9fkD8NCcMQ==</latexit>

B 2 Rn⇥n
<latexit sha1_base64="CeZo4Hkwwot7aGoxwO85BPxAHXk=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKCyVAmqgLGChbE8+pCaUjmu01p1nMi+Qaqi/AELv8LCAEKsrGz8De5jgJYjWTo+517de48fC67Bcb6thcWl5ZXV3Fp+fWNza9ve2a3rKFGU1WgkItX0iWaCS1YDDoI1Y8VI6AvW8AeXI7/xwJTmkbyDYczaIelJHnBKwEgd+8gLCfT9IL3NinDscTn5++lNdp9KD3jINJZZxy44JWcMPE/cKSmgKaod+8vrRjQJmQQqiNYt14mhnRIFnAqW5b1Es5jQAemxlqGSmDntdHxPhg+N0sVBpMyTgMfq746UhFoPQ99UjrbVs95I/M9rJRCct1Mu4wSYpJNBQSIwRHgUDu5yxSiIoSGEKm52xbRPFKFgIsybENzZk+dJ/aTknpbK1+VC5WIaRw7towNURC46QxV0haqohih6RM/oFb1ZT9aL9W59TEoXrGnPHvoD6/MHxyedJQ==</latexit>

S(t) 2 Rn⇥nand T-periodic and invertible

such that
<latexit sha1_base64="BynIawJzl3/u8rtmfQfLIaMeSOE=">AAACGXicbVDLSgNBEJyN7/iKevSyGIR4CbsS1IsQ9OJR0TwgiWF20psMmX0w0xsMy/6GF3/FiwdFPOrJv3E2rqCJBQPVVd1Mdzmh4Aot69PIzc0vLC4tr+RX19Y3Ngtb23UVRJJBjQUikE2HKhDchxpyFNAMJVDPEdBwhuep3xiBVDzwb3AcQsejfZ+7nFHUUrdgtUfA4rukhAenbY/iwHHj67SC2/inPkswydq6VrdQtMrWBOYssTNSJBkuu4X3di9gkQc+MkGVatlWiJ2YSuRMQJJvRwpCyoa0Dy1NfeqB6sSTyxJzXys90w2kfj6aE/X3REw9pcaeozvTZdW0l4r/ea0I3ZNOzP0wQvDZ90duJEwMzDQms8clMBRjTSiTXO9qsgGVlKEOM69DsKdPniX1w7J9VK5cVYrVsyyOZbJL9kiJ2OSYVMkFuSQ1wsg9eSTP5MV4MJ6MV+PtuzVnZDM75A+Mjy+S66FO</latexit>

~x(t) = S(t)eBt~x0

Moreover
<latexit sha1_base64="dcRS8qitc6Jm5GLZcTenPHBM/+Q=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+IQvDhaGepFmPPicaJ7gbWMNE23sDQtSSqM0q/jxa/iRUFRr34R061juvlA4Jf/Pw95nr8bUSKkaX5qhaXlldW14nppY3Nre0ff3WuJMOYIN1FIQ95xocCUMNyURFLciTiGgUtx2x1eZ377AXNBQnYvRxF2AthnxCcISiX19Jrtc4gSzw6gHLh+cpemiSfTy+n9Kp05JzOcUj3t6WWzYo7LWAQrhzLIq9HTX20vRHGAmUQUCtG1zEg6CeSSIIrTkh0LHEE0hH3cVchggIWTjDdNjSOleIYfcnWYNMbq744EBkKMAle9zCYU814m/ud1Y+lfOAlhUSwxQ5OP/JgaMjSy2AyPcIwkHSmAiBM1q4EGUEUnVbglFYI1v/IitE4r1lmlelst1+p5HEVwAA7BMbDAOaiBG9AATYDAI3gGb+Bde9JetA/ta/K0oOU9++BPad8/TkypHA==</latexit>

dS

dt
= AS� SB
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Dynamical Systems

<latexit sha1_base64="omf28g5zS/kbhIHU9kMhvqoFJLw=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJlgEV2VGiroRSrtxWaEvaGvJpJk2NPMgyQhlGHDjr7hxoYhbf8Kdf2OmHUFbDwROzrmXe+9xQs6ksqwvI7eyura+kd8sbG3v7O6Z+wctGUSC0CYJeCA6DpaUM582FVOcdkJBsedw2nYmtdRv31MhWeA31DSkfQ+PfOYygpWWBuZRz8Nq7LhxLbmmd/HPr5o0koFZtErWDGiZ2BkpQob6wPzsDQMSedRXhGMpu7YVqn6MhWKE06TQiyQNMZngEe1q6mOPyn48uyFBp1oZIjcQ+vkKzdTfHTH2pJx6jq5Md5SLXir+53Uj5V71Y+aHkaI+mQ9yI45UgNJA0JAJShSfaoKJYHpXRMZYYKJ0bAUdgr148jJpnZfsi1L5tlysVLM48nAMJ3AGNlxCBW6gDk0g8ABP8AKvxqPxbLwZ7/PSnJH1HMIfGB/ff5+YFQ==</latexit>

C = eBTLet be the monodromy matrix. The eigenvalues     of<latexit sha1_base64="359ZlGSnQOUXDQ/fqcskQLJdtkI=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TZtNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx41jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLx3cxvPTFtuJKPdpKwICYDySNOiXVSs6uHqjfqlSte1ZsDrxI/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNS93UsITQMRmwjqOSxMwE2fzaKT5zSh9HSruSFs/V3xMZiY2ZxKHrjIkdmmVvJv7ndVIb3QQZl0lqmaSLRVEqsFV49jruc82oFRNHCNXc3YrpkGhCrQuo5ELwl19eJc2Lqn9VvXy4rNRu8ziKcAKncA4+XEMN7qEODaAwgmd4hTek0At6Rx+L1gLKZ47hD9DnD6DMjy0=</latexit>⇢j
<latexit sha1_base64="K/XT5AyLsE8/DJvHd/GmLQfZ3XY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYn9cxvP3FtRKQecBrzfkhHSgSCUbTSYy+kOPaDtD4blCtu1Z2DrBIvJxXI0RiUv3rDiCUhV8gkNabruTH2U6pRMMlnpV5ieEzZhI5411JFQ2766TzxjJxZZUiCSNunkMzV3xspDY2Zhr6dzBKaZS8T//O6CQY3/VSoOEGu2OKjIJEEI5KdT4ZCc4ZyagllWtishI2ppgxtSSVbgrd88ippXVS9q+rl/WWldpvXUYQTOIVz8OAaanAHDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MHr56Q8A==</latexit>

C

are called characteristic multipliers and are related to those of     ,      


<latexit sha1_base64="U17iu5FYvAUWvEvRgCpjXqly3K4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnt5nffuLaiEg94DTm/ZCOlAgEo2ilx15IcewHaX02KFfcqjsHWSVeTiqQozEof/WGEUtCrpBJakzXc2Psp1SjYJLPSr3E8JiyCR3xrqWKhtz003niGTmzypAEkbZPIZmrvzdSGhozDX07mSU0y14m/ud1Ewxu+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XL+8tKrZ7XUYQTOIVz8OAaanAHDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MHrhmQ7w==</latexit>

B
<latexit sha1_base64="9Laf1p4jpc/eznvCaiPmCEaNW7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY2yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7G15nffqRKs0jemUlMfYGHkoWMYGOl+57AZhSEaU8k0/5Dv1xxq+4MaJl4OalAjka//NUbRCQRVBrCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi2VWFDtp7PUU3RilQEKI2WfNGim/t5IsdB6IgI7maXUi14m/ud1ExNe+imTcWKoJPNDYcKRiVBWARowRYnhE0swUcxmRWSEFSbGFlWyJXiLX14mrbOqd16t3dYq9au8jiIcwTGcggcXUIcbaEATCCh4hld4c56cF+fd+ZiPFpx85xD+wPn8AQPnktw=</latexit>µj

<latexit sha1_base64="GzrQm5LJW9fglByUBJNqrl5NRzA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1I1QdOOyQl/QxjCZTtppJzNhZiKWkF9x40IRt/6IO//GaZuFth64cDjnXu69J4gZVdpxvq3C2vrG5lZxu7Szu7d/YB+W20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB5Hbmdx6JVFTwpp7GxIvQkNOQYqSN5NvlvhwJf3xNHtJ+lPhj2Mx8u+JUnTngKnFzUgE5Gr791R8InESEa8yQUj3XibWXIqkpZiQr9RNFYoQnaEh6hnIUEeWl89szeGqUAQyFNMU1nKu/J1IUKTWNAtMZIT1Sy95M/M/rJTq88lLK40QTjheLwoRBLeAsCDigkmDNpoYgLKm5FeIRkghrE1fJhOAuv7xK2udV96Jau69V6jd5HEVwDE7AGXDBJaiDO9AALYDBE3gGr+DNyqwX6936WLQWrHzmCPyB9fkDyOWUSQ==</latexit>

⇢j = eµjTcharacteristic exponents


[Andronov-Witte Theorem] If <latexit sha1_base64="vIMjtfKXbuS73l3IYxauZ4mDDjU=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwUUpSirpQKLpxWcU+oAllMpm0084kcWYilNAPcOOvuHGhiFs/wJ1/46TNQlsPDBzOOZe597gRo1KZ5reRW1peWV3Lrxc2Nre2d4q7ey0ZxgKTJg5ZKDoukoTRgDQVVYx0IkEQdxlpu6Or1G8/ECFpGNypcUQcjvoB9SlGSku9Ysm+JTaPe8NzE9r3MfJsPxSIMTi8qJZtL1SynKbMijkFXCRWRkogQ6NX/NKTOOYkUJghKbuWGSknQUJRzMikYMeSRAiPUJ90NQ0QJ9JJpsdM4JFWPKi30C9QcKr+nkgQl3LMXZ3kSA3kvJeK/3ndWPlnTkKDKFYkwLOP/JhBFcK0GehRQbBiY00QFlTvCvEACYSV7q+gS7DmT14krWrFOqnUbmql+mVWRx4cgENwDCxwCurgGjRAE2DwCJ7BK3gznowX4934mEVzRjazD/7A+PwBK+yacA==</latexit>

<µj < 0 8j = 2, . . . , n

then the periodic orbit is stable.
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<latexit sha1_base64="omf28g5zS/kbhIHU9kMhvqoFJLw=">AAACA3icbVDLSgMxFL1TX7W+Rt3pJlgEV2VGiroRSrtxWaEvaGvJpJk2NPMgyQhlGHDjr7hxoYhbf8Kdf2OmHUFbDwROzrmXe+9xQs6ksqwvI7eyura+kd8sbG3v7O6Z+wctGUSC0CYJeCA6DpaUM582FVOcdkJBsedw2nYmtdRv31MhWeA31DSkfQ+PfOYygpWWBuZRz8Nq7LhxLbmmd/HPr5o0koFZtErWDGiZ2BkpQob6wPzsDQMSedRXhGMpu7YVqn6MhWKE06TQiyQNMZngEe1q6mOPyn48uyFBp1oZIjcQ+vkKzdTfHTH2pJx6jq5Md5SLXir+53Uj5V71Y+aHkaI+mQ9yI45UgNJA0JAJShSfaoKJYHpXRMZYYKJ0bAUdgr148jJpnZfsi1L5tlysVLM48nAMJ3AGNlxCBW6gDk0g8ABP8AKvxqPxbLwZ7/PSnJH1HMIfGB/ff5+YFQ==</latexit>

C = eBTLet be the monodromy matrix. The eigenvalues     of<latexit sha1_base64="359ZlGSnQOUXDQ/fqcskQLJdtkI=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TZtNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx41jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLx3cxvPTFtuJKPdpKwICYDySNOiXVSs6uHqjfqlSte1ZsDrxI/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNS93UsITQMRmwjqOSxMwE2fzaKT5zSh9HSruSFs/V3xMZiY2ZxKHrjIkdmmVvJv7ndVIb3QQZl0lqmaSLRVEqsFV49jruc82oFRNHCNXc3YrpkGhCrQuo5ELwl19eJc2Lqn9VvXy4rNRu8ziKcAKncA4+XEMN7qEODaAwgmd4hTek0At6Rx+L1gLKZ47hD9DnD6DMjy0=</latexit>⇢j
<latexit sha1_base64="K/XT5AyLsE8/DJvHd/GmLQfZ3XY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtiNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYn9cxvP3FtRKQecBrzfkhHSgSCUbTSYy+kOPaDtD4blCtu1Z2DrBIvJxXI0RiUv3rDiCUhV8gkNabruTH2U6pRMMlnpV5ieEzZhI5411JFQ2766TzxjJxZZUiCSNunkMzV3xspDY2Zhr6dzBKaZS8T//O6CQY3/VSoOEGu2OKjIJEEI5KdT4ZCc4ZyagllWtishI2ppgxtSSVbgrd88ippXVS9q+rl/WWldpvXUYQTOIVz8OAaanAHDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MHr56Q8A==</latexit>

C

are called characteristic multipliers and are related to those of     ,      


<latexit sha1_base64="U17iu5FYvAUWvEvRgCpjXqly3K4=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMtSNy4r2Ae2pWTSTBuayQzJHaEM/Qs3LhRx69+482/MtLPQ1gOBwzn3knOPH0th0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPd8anhUijeRIGSd2LNaehL3vYnt5nffuLaiEg94DTm/ZCOlAgEo2ilx15IcewHaX02KFfcqjsHWSVeTiqQozEof/WGEUtCrpBJakzXc2Psp1SjYJLPSr3E8JiyCR3xrqWKhtz003niGTmzypAEkbZPIZmrvzdSGhozDX07mSU0y14m/ud1Ewxu+qlQcYJcscVHQSIJRiQ7nwyF5gzl1BLKtLBZCRtTTRnakkq2BG/55FXSuqh6V9XL+8tKrZ7XUYQTOIVz8OAaanAHDWgCAwXP8ApvjnFenHfnYzFacPKdY/gD5/MHrhmQ7w==</latexit>

B
<latexit sha1_base64="9Laf1p4jpc/eznvCaiPmCEaNW7U=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Y8mkmTY2yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g7G15nffqRKs0jemUlMfYGHkoWMYGOl+57AZhSEaU8k0/5Dv1xxq+4MaJl4OalAjka//NUbRCQRVBrCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi2VWFDtp7PUU3RilQEKI2WfNGim/t5IsdB6IgI7maXUi14m/ud1ExNe+imTcWKoJPNDYcKRiVBWARowRYnhE0swUcxmRWSEFSbGFlWyJXiLX14mrbOqd16t3dYq9au8jiIcwTGcggcXUIcbaEATCCh4hld4c56cF+fd+ZiPFpx85xD+wPn8AQPnktw=</latexit>µj

<latexit sha1_base64="GzrQm5LJW9fglByUBJNqrl5NRzA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS1I1QdOOyQl/QxjCZTtppJzNhZiKWkF9x40IRt/6IO//GaZuFth64cDjnXu69J4gZVdpxvq3C2vrG5lZxu7Szu7d/YB+W20okEpMWFkzIboAUYZSTlqaakW4sCYoCRjrB5Hbmdx6JVFTwpp7GxIvQkNOQYqSN5NvlvhwJf3xNHtJ+lPhj2Mx8u+JUnTngKnFzUgE5Gr791R8InESEa8yQUj3XibWXIqkpZiQr9RNFYoQnaEh6hnIUEeWl89szeGqUAQyFNMU1nKu/J1IUKTWNAtMZIT1Sy95M/M/rJTq88lLK40QTjheLwoRBLeAsCDigkmDNpoYgLKm5FeIRkghrE1fJhOAuv7xK2udV96Jau69V6jd5HEVwDE7AGXDBJaiDO9AALYDBE3gGr+DNyqwX6936WLQWrHzmCPyB9fkDyOWUSQ==</latexit>

⇢j = eµjTcharacteristic exponents


[Andronov-Witte Theorem] If <latexit sha1_base64="vIMjtfKXbuS73l3IYxauZ4mDDjU=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VwUUpSirpQKLpxWcU+oAllMpm0084kcWYilNAPcOOvuHGhiFs/wJ1/46TNQlsPDBzOOZe597gRo1KZ5reRW1peWV3Lrxc2Nre2d4q7ey0ZxgKTJg5ZKDoukoTRgDQVVYx0IkEQdxlpu6Or1G8/ECFpGNypcUQcjvoB9SlGSku9Ysm+JTaPe8NzE9r3MfJsPxSIMTi8qJZtL1SynKbMijkFXCRWRkogQ6NX/NKTOOYkUJghKbuWGSknQUJRzMikYMeSRAiPUJ90NQ0QJ9JJpsdM4JFWPKi30C9QcKr+nkgQl3LMXZ3kSA3kvJeK/3ndWPlnTkKDKFYkwLOP/JhBFcK0GehRQbBiY00QFlTvCvEACYSV7q+gS7DmT14krWrFOqnUbmql+mVWRx4cgENwDCxwCurgGjRAE2DwCJ7BK3gznowX4934mEVzRjazD/7A+PwBK+yacA==</latexit>

<µj < 0 8j = 2, . . . , n

then the periodic orbit is stable.

Note 1: 
<latexit sha1_base64="16xG9vQX4K2Rre9yZTwn71pxXL0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHCOYByRJmJ7PJkJnZZR5CWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dUcqZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRSydWEdokCU9UJ8KaciZp0zDDaSdVFIuI03Y0vpv57SeqNEvko5mkNBR4KFnMCDZOaveE7Qc3fr9c8av+HGiVBDmpQI5Gv/zVGyTECioN4VjrbuCnJsywMoxwOi31rKYpJmM8pF1HJRZUh9n83Ck6c8oAxYlyJQ2aq78nMiy0nojIdQpsRnrZm4n/eV1r4uswYzK1hkqyWBRbjkyCZr+jAVOUGD5xBBPF3K2IjLDCxLiESi6EYPnlVdK6qAaX1dpDrVK/zeMowgmcwjkEcAV1uIcGNIHAGJ7hFd681Hvx3r2PRWvBy2eO4Q+8zx96Po8E</latexit>

µ1 = 0

Note 2: there are not explicit general ways to compute         or
<latexit sha1_base64="hRKwCUu6zkae1kKTJMNclvKNTuQ=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9k1RD0SvXjEKI8ENmR2mIUJsw9neknIhu/w4kFjvPox3vwbZ4GDgpVMUqnqTteUF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbjO/NeZKiyh8xEnM3YAOQuELRtFIbjegOPT89GFaxvNesWRX7BnIKnEWpAQL1HvFr24/YknAQ2SSat1x7BjdlCoUTPJpoZtoHlM2ogPeMTSkAdduOgs9JWdG6RM/UuaFSGbq742UBlpPAs9MZiH1speJ/3mdBP1rNxVhnCAP2fyQn0iCEckaIH2hOEM5MYQyJUxWwoZUUYamp4IpwVn+8ippXlScy0r1vlqq3SzqyMMJnEIZHLiCGtxBHRrA4Ame4RXerLH1Yr1bH/PRnLXYOYY/sD5/AG6XkeM=</latexit>

S(t)
<latexit sha1_base64="V0sYNaCyFpO0OcadTznRcwHwoRE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lsN+3a3U3Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsr+X2RDh4H1Zpbd3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQ5cfO0JlVhiiKlS1pUK7+nsiw0HoqQtspsBnrZW8u/uf1UhNdBxmTSWqoJItFUcqRidH8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd177LeuG/UmjdFHGU4gVM4Bw+uoAl30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/3ayOvA==</latexit>µj

Note 3:
<latexit sha1_base64="hYzQ5ON7eW+Dh7VFNZovCPaLE7Q="></latexit>

⇢1 . . . ⇢n = exp

 Z T

0
trA(t) dt

!
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Limit cycles : isolated periodic solutions

Dynamical Systems

To find limit cycles is a difficult task

(Second part of) the 16th Hilbert problem :
Determine an upper bound to the number of limit 
cycles in a polynomial planar EDO, as function of 
the degree and/or the coefficients.

This number is finite (Yulii Ilyashenko and Jean Écalle, 1991-1992)
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To find limit cycles is a difficult task

In the plane one can use the Poincaré - Bendixon theorem.

In general the Brower fixed point theorem can be used.
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State dependent non linear damping

van der Pol oscillator
<latexit sha1_base64="TGLIJbCXhsEzqscTTI6HfHFSldM=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUpCUJRd0IRTcuK9gHNGmZTCbt0MmDmYm0hHyFG3/FjQtF3Io7/8ZpmoW2HrhwOOde7r3HiSjhQte/lcLK6tr6RnGztLW9s7un7h+0eRgzhFsopCHrOpBjSgLcEkRQ3I0Yhr5DcccZ38z8zgNmnITBvZhG2PbhMCAeQVBIaaBWLY9BlLh9c5ImruibadXy44pRnfTN09zLnPRscqUP1LJe0zNoy8TISRnkaA7UL8sNUezjQCAKOe8ZeiTsBDJBEMVpyYo5jiAawyHuSRpAH3M7yd5KtROpuJoXMlmB0DL190QCfc6nviM7fShGfNGbif95vVh4l3ZCgigWOEDzRV5MNRFqs4w0lzCMBJ1KAhEj8lYNjaDMQsgkSzIEY/HlZdI2a8Z5rX5XLzeu8ziK4AgcgwowwAVogFvQBC2AwCN4Bq/gTXlSXpR35WPeWlDymUPwB8rnD5EjnwA=</latexit>

d2x

dt2
� µ(1� x2)

dx

dt
+ x = 0

<latexit sha1_base64="I4yQ4fShYAqwpa41LOQdjVspP/k=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiBYWQRvLCOYDkiPsbfaSJbt7x+6eEC75ETYWitj6e+z8N26SKzTxwcDjvRlm5gUxZ9q47reT29jc2t7J7xb29g8Oj4rHJy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Hd3G8/UaVZJB/NJKa+wEPJQkawsVJ72hPJ9KbSL5bcsrsAWideRkqQodEvfvUGEUkElYZwrHXXc2Pjp1gZRjidFXqJpjEmYzykXUslFlT76eLcGbqwygCFkbIlDVqovydSLLSeiMB2CmxGetWbi/953cSE137KZJwYKslyUZhwZCI0/x0NmKLE8IklmChmb0VkhBUmxiZUsCF4qy+vk1al7NXK1YdqqX6bxZGHMziHS/DgCupwDw1oAoExPMMrvDmx8+K8Ox/L1pyTzZzCHzifPxqTj20=</latexit>

|µ| < 2

Small parameter case
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van der Pol oscillator
<latexit sha1_base64="TGLIJbCXhsEzqscTTI6HfHFSldM=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUpCUJRd0IRTcuK9gHNGmZTCbt0MmDmYm0hHyFG3/FjQtF3Io7/8ZpmoW2HrhwOOde7r3HiSjhQte/lcLK6tr6RnGztLW9s7un7h+0eRgzhFsopCHrOpBjSgLcEkRQ3I0Yhr5DcccZ38z8zgNmnITBvZhG2PbhMCAeQVBIaaBWLY9BlLh9c5ImruibadXy44pRnfTN09zLnPRscqUP1LJe0zNoy8TISRnkaA7UL8sNUezjQCAKOe8ZeiTsBDJBEMVpyYo5jiAawyHuSRpAH3M7yd5KtROpuJoXMlmB0DL190QCfc6nviM7fShGfNGbif95vVh4l3ZCgigWOEDzRV5MNRFqs4w0lzCMBJ1KAhEj8lYNjaDMQsgkSzIEY/HlZdI2a8Z5rX5XLzeu8ziK4AgcgwowwAVogFvQBC2AwCN4Bq/gTXlSXpR35WPeWlDymUPwB8rnD5EjnwA=</latexit>

d2x

dt2
� µ(1� x2)

dx

dt
+ x = 0

Liénard coordinates
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x



www.unamur.be timoteo.carletti@unamur.be

Dynamical Systems

van der Pol oscillator
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x

<latexit sha1_base64="PnaH3mE39BM/yqgL841RmN4W+SA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq0C0tii7oRim5cVrAPaGKZTCft0MmDmRtpCfkBN/6KGxeKuHXvzr9x+lho64ELh3Pu5d573IgzCab5rWWWlldW17LruY3Nre0dfXevIcNYEFonIQ9Fy8WSchbQOjDgtBUJin2X06Y7uB77zQcqJAuDOxhF1PFxL2AeIxiU1NGPvMKweGn7sc2pB4Xhie0JTJLhfTlNyqktWK8PxY6eN0vmBMYisWYkj2aodfQvuxuS2KcBEI6lbFtmBE6CBTDCaZqzY0kjTAa4R9uKBtin0kkm36TGsVK6hhcKVQEYE/X3RIJ9KUe+qzp9DH05743F/7x2DN6Fk7AgioEGZLrIi7kBoTGOxugyQQnwkSKYCKZuNUgfqzhABZhTIVjzLy+SxmnJOitVbiv56tUsjiw6QIeogCx0jqroBtVQHRH0iJ7RK3rTnrQX7V37mLZmtNnMPvoD7fMHvX+bYQ==</latexit>

f(x) = µ

✓
x� x3

3

◆
0 - isocline

<latexit sha1_base64="TfACV5vRWKtGwip1e2y+LCMMmR4=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BItQQcquFPVY9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFySCa+M436iwtr6xuVXcLu3s7u0flA+PWjpOFWUejUWsOgHRTHDJPMONYJ1EMRIFgrWD8d3Mbz8xpXksH80kYX5EhpKHnBJjJa/qXDjn/XLFqTlz4FXi5qQCOZr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCW/8jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiWty5p7Vas/1CuN2zyOIpzAKVTBhWtowD00wQMKHJ7hFd6QRC/oHX0sWgsonzmGP0CfPxetjZI=</latexit>

(0, 0) is the unique equilibrium

<latexit sha1_base64="pabflgWpb5BEOaO4eb9Ci1Jfd3I="></latexit>

J =
�
µ �1
1 0

�
The Jacobian matrix is

whose eigenvalues are
<latexit sha1_base64="2rwKGMyeoDEaComwMoH83pdGEr8=">AAACKnicbVDLSsNAFJ34tr6iLt0MFkEXlqQUdSP42LisYG2hiWUynbRDZ5I4cyOUkO9x46+46UIpbv0Qp20Wvg4MHM45lzv3BIngGhxnbM3NLywuLa+sltbWNza37O2dex2nirIGjUWsWgHRTPCINYCDYK1EMSIDwZrB4HriN5+Y0jyO7mCYMF+SXsRDTgkYqWNfesKEuwSfYy9UhGaeTPOsmnuJxNzTjwoy99gTLITDn77ivT4cPVTzjl12Ks4U+C9xC1JGBeode+R1Y5pKFgEVROu26yTgZ0QBp4LlJS/VLCF0QHqsbWhEJNN+Nj01xwdG6eIwVuZFgKfq94mMSK2HMjBJSaCvf3sT8T+vnUJ45mc8SlJgEZ0tClOBIcaT3nCXK0ZBDA0hVHHzV0z7xDQCpt2SKcH9ffJfcl+tuCeV2m2tfHFV1LGC9tA+OkQuOkUX6AbVUQNR9Ixe0Rt6t16skTW2PmbROauY2UU/YH1+ATZ4p8g=</latexit>

� =
µ

2
± i

r
1�

⇣µ
2

⌘2
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van der Pol oscillator
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x

<latexit sha1_base64="PnaH3mE39BM/yqgL841RmN4W+SA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq0C0tii7oRim5cVrAPaGKZTCft0MmDmRtpCfkBN/6KGxeKuHXvzr9x+lho64ELh3Pu5d573IgzCab5rWWWlldW17LruY3Nre0dfXevIcNYEFonIQ9Fy8WSchbQOjDgtBUJin2X06Y7uB77zQcqJAuDOxhF1PFxL2AeIxiU1NGPvMKweGn7sc2pB4Xhie0JTJLhfTlNyqktWK8PxY6eN0vmBMYisWYkj2aodfQvuxuS2KcBEI6lbFtmBE6CBTDCaZqzY0kjTAa4R9uKBtin0kkm36TGsVK6hhcKVQEYE/X3RIJ9KUe+qzp9DH05743F/7x2DN6Fk7AgioEGZLrIi7kBoTGOxugyQQnwkSKYCKZuNUgfqzhABZhTIVjzLy+SxmnJOitVbiv56tUsjiw6QIeogCx0jqroBtVQHRH0iJ7RK3rTnrQX7V37mLZmtNnMPvoD7fMHvX+bYQ==</latexit>

f(x) = µ

✓
x� x3

3

◆
0 - isocline

Stable focus

<latexit sha1_base64="AWQfgRqUBzKhsNhtiXJAsldpPbQ=">AAACFnicbVDNS8MwHE39nPOr6tFLcAheHO0Y6mHC0IvHOdwHrGWkabqFpWlJUmWU/hVe/Fe8eFDEq3jzvzHbetDNB4HHe++X5Pe8mFGpLOvbWFpeWV1bL2wUN7e2d3bNvf22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzR9cTv3BMhacTv1DgmbogGnAYUI6WlvnnqhEnNcpp0MFRIiOgBOk3iMH2Bj+AldAKBcKozWVrJalbfLFllawq4SOyclECORt/8cvwIJyHhCjMkZc+2YuWmSCiKGcmKTiJJjPAIDUhPU45CIt10ulYGj7XiwyAS+nAFp+rviRSFUo5DTydDpIZy3puI/3m9RAUXbkp5nCjC8eyhIGFQRXDSEfSpIFixsSYIC6r/CvEQ6SaUbrKoS7DnV14k7UrZPitXb6ul+lVeRwEcgiNwAmxwDurgBjRAC2DwCJ7BK3gznowX4934mEWXjHzmAPyB8fkDSvWe1g==</latexit>

µ < 0 ) <� =
µ

2
< 0
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Dynamical Systems

van der Pol oscillator
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x

<latexit sha1_base64="PnaH3mE39BM/yqgL841RmN4W+SA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq0C0tii7oRim5cVrAPaGKZTCft0MmDmRtpCfkBN/6KGxeKuHXvzr9x+lho64ELh3Pu5d573IgzCab5rWWWlldW17LruY3Nre0dfXevIcNYEFonIQ9Fy8WSchbQOjDgtBUJin2X06Y7uB77zQcqJAuDOxhF1PFxL2AeIxiU1NGPvMKweGn7sc2pB4Xhie0JTJLhfTlNyqktWK8PxY6eN0vmBMYisWYkj2aodfQvuxuS2KcBEI6lbFtmBE6CBTDCaZqzY0kjTAa4R9uKBtin0kkm36TGsVK6hhcKVQEYE/X3RIJ9KUe+qzp9DH05743F/7x2DN6Fk7AgioEGZLrIi7kBoTGOxugyQQnwkSKYCKZuNUgfqzhABZhTIVjzLy+SxmnJOitVbiv56tUsjiw6QIeogCx0jqroBtVQHRH0iJ7RK3rTnrQX7V37mLZmtNnMPvoD7fMHvX+bYQ==</latexit>

f(x) = µ

✓
x� x3

3

◆
0 - isocline

<latexit sha1_base64="E2QbwUvDtvh2YmRiGZiUqBB7d28=">AAACFnicbVDNS8MwHE39nPOr6tFLcAheHO0Y6sUx9OJxDvcBaxlpmm5haVqSVBmlf4UX/xUvHhTxKt78b8y2HnTzQeDx3vsl+T0vZlQqy/o2lpZXVtfWCxvFza3tnV1zb78to0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90PfE790RIGvE7NY6JG6IBpwHFSGmpb546YVKznCYdDBUSInqATpM4TF/gI3gJnUAgnOpMllaymtU3S1bZmgIuEjsnJZCj0Te/HD/CSUi4wgxJ2bOtWLkpEopiRrKik0gSIzxCA9LTlKOQSDedrpXBY634MIiEPlzBqfp7IkWhlOPQ08kQqaGc9ybif14vUcGFm1IeJ4pwPHsoSBhUEZx0BH0qCFZsrAnCguq/QjxEugmlmyzqEuz5lRdJu1K2z8rV22qpfpXXUQCH4AicABucgzq4AQ3QAhg8gmfwCt6MJ+PFeDc+ZtElI585AH9gfP4AUVme2g==</latexit>

µ > 0 ) <� =
µ

2
> 0

Unstable focus



www.unamur.be timoteo.carletti@unamur.be

Dynamical Systems

van der Pol oscillator
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x

<latexit sha1_base64="PnaH3mE39BM/yqgL841RmN4W+SA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq0C0tii7oRim5cVrAPaGKZTCft0MmDmRtpCfkBN/6KGxeKuHXvzr9x+lho64ELh3Pu5d573IgzCab5rWWWlldW17LruY3Nre0dfXevIcNYEFonIQ9Fy8WSchbQOjDgtBUJin2X06Y7uB77zQcqJAuDOxhF1PFxL2AeIxiU1NGPvMKweGn7sc2pB4Xhie0JTJLhfTlNyqktWK8PxY6eN0vmBMYisWYkj2aodfQvuxuS2KcBEI6lbFtmBE6CBTDCaZqzY0kjTAa4R9uKBtin0kkm36TGsVK6hhcKVQEYE/X3RIJ9KUe+qzp9DH05743F/7x2DN6Fk7AgioEGZLrIi7kBoTGOxugyQQnwkSKYCKZuNUgfqzhABZhTIVjzLy+SxmnJOitVbiv56tUsjiw6QIeogCx0jqroBtVQHRH0iJ7RK3rTnrQX7V37mLZmtNnMPvoD7fMHvX+bYQ==</latexit>

f(x) = µ

✓
x� x3

3

◆
0 - isocline

<latexit sha1_base64="E2QbwUvDtvh2YmRiGZiUqBB7d28=">AAACFnicbVDNS8MwHE39nPOr6tFLcAheHO0Y6sUx9OJxDvcBaxlpmm5haVqSVBmlf4UX/xUvHhTxKt78b8y2HnTzQeDx3vsl+T0vZlQqy/o2lpZXVtfWCxvFza3tnV1zb78to0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90PfE790RIGvE7NY6JG6IBpwHFSGmpb546YVKznCYdDBUSInqATpM4TF/gI3gJnUAgnOpMllaymtU3S1bZmgIuEjsnJZCj0Te/HD/CSUi4wgxJ2bOtWLkpEopiRrKik0gSIzxCA9LTlKOQSDedrpXBY634MIiEPlzBqfp7IkWhlOPQ08kQqaGc9ybif14vUcGFm1IeJ4pwPHsoSBhUEZx0BH0qCFZsrAnCguq/QjxEugmlmyzqEuz5lRdJu1K2z8rV22qpfpXXUQCH4AicABucgzq4AQ3QAhg8gmfwCt6MJ+PFeDc+ZtElI585AH9gfP4AUVme2g==</latexit>

µ > 0 ) <� =
µ

2
> 0

Unstable focus



www.unamur.be timoteo.carletti@unamur.be

Dynamical Systems

van der Pol oscillator
<latexit sha1_base64="xO4BRHv2Qs3lx3wgIw2lFldC32Q=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0i5bEFnUjFN24rGAf0MQymU7aoZMHMzfSEPINbvwVNy4UcevKnX/j9LHQ1gMXDufcO3PvcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHLRlEgtAmCXggOg6WlDOfNoEBp51QUOw5nLad0fXEbz9QIVng30EcUtvDA5+5jGBQUi9fsvoBJOP00vIii1MXiuOy5QpMkvF9NU2qqSXYYAilctzLF4yKMYW+TMw5KaA5Gr38l3qbRB71gXAsZdc0QrATLIARTtOcFUkaYjLCA9pV1McelXYyPSnVT5TS191AqPJBn6q/JxLsSRl7jur0MAzlojcR//O6EbgXdsL8MALqk9lHbsR1CPRJPnqfCUqAx4pgIpjaVSdDrAIBlWJOhWAunrxMWqcV86xSu60V6lfzOLLoCB2jIjLROaqjG9RATUTQI3pGr+hNe9JetHftY9aa0eYzh+gPtM8fsxqeHQ==</latexit>

ẋ = µ

✓
x� x3

3

◆
� y

<latexit sha1_base64="KVDL0YbcijF5BOSu9K78rFDeFS0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCvYh7VAyaaYNTTJDkhGHoV/hxoUibv0cd/6NaTsLbT0QOJxzD7n3BDFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Ubz9SpVkk700aU1/goWQhI9hY6aE3iEyWTq6e+uWKW3VnQMvEy0kFcjT65S+bJYmg0hCOte56bmz8DCvDCKeTUi/RNMZkjIe0a6nEgmo/my08QSdWGaAwUvZJg2bq70SGhdapCOykwGakF72p+J/XTUx46WdMxomhksw/ChOOTISm16MBU5QYnlqCiWJ2V0RGWGFibEclW4K3ePIyaZ1VvfNq7a5WqV/ndRThCI7hFDy4gDrcQgOaQEDAM7zCm6OcF+fd+ZiPFpw8cwh/4Hz+ACa0kKY=</latexit>

ẏ = x

<latexit sha1_base64="PnaH3mE39BM/yqgL841RmN4W+SA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSq0C0tii7oRim5cVrAPaGKZTCft0MmDmRtpCfkBN/6KGxeKuHXvzr9x+lho64ELh3Pu5d573IgzCab5rWWWlldW17LruY3Nre0dfXevIcNYEFonIQ9Fy8WSchbQOjDgtBUJin2X06Y7uB77zQcqJAuDOxhF1PFxL2AeIxiU1NGPvMKweGn7sc2pB4Xhie0JTJLhfTlNyqktWK8PxY6eN0vmBMYisWYkj2aodfQvuxuS2KcBEI6lbFtmBE6CBTDCaZqzY0kjTAa4R9uKBtin0kkm36TGsVK6hhcKVQEYE/X3RIJ9KUe+qzp9DH05743F/7x2DN6Fk7AgioEGZLrIi7kBoTGOxugyQQnwkSKYCKZuNUgfqzhABZhTIVjzLy+SxmnJOitVbiv56tUsjiw6QIeogCx0jqroBtVQHRH0iJ7RK3rTnrQX7V37mLZmtNnMPvoD7fMHvX+bYQ==</latexit>

f(x) = µ

✓
x� x3

3

◆
0 - isocline

<latexit sha1_base64="E2QbwUvDtvh2YmRiGZiUqBB7d28=">AAACFnicbVDNS8MwHE39nPOr6tFLcAheHO0Y6sUx9OJxDvcBaxlpmm5haVqSVBmlf4UX/xUvHhTxKt78b8y2HnTzQeDx3vsl+T0vZlQqy/o2lpZXVtfWCxvFza3tnV1zb78to0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90PfE790RIGvE7NY6JG6IBpwHFSGmpb546YVKznCYdDBUSInqATpM4TF/gI3gJnUAgnOpMllaymtU3S1bZmgIuEjsnJZCj0Te/HD/CSUi4wgxJ2bOtWLkpEopiRrKik0gSIzxCA9LTlKOQSDedrpXBY634MIiEPlzBqfp7IkWhlOPQ08kQqaGc9ybif14vUcGFm1IeJ4pwPHsoSBhUEZx0BH0qCFZsrAnCguq/QjxEugmlmyzqEuz5lRdJu1K2z8rV22qpfpXXUQCH4AicABucgzq4AQ3QAhg8gmfwCt6MJ+PFeDc+ZtElI585AH9gfP4AUVme2g==</latexit>

µ > 0 ) <� =
µ

2
> 0

Unstable focus
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Dynamical Systems

Stuart - Landau oscillator
<latexit sha1_base64="Ua8GH4Ydde4wTqYSdbKHe55R1L0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEUtSiroRim5cVrAPaGOZTCbt0MkkzEyENu3Cjb/ixoUibv0Id/6N0zYLrR64cDjnXu69x40YlcqyvozM0vLK6lp2PbexubW9Y+7uNWQYC0zqOGShaLlIEkY5qSuqGGlFgqDAZaTpDq6mfvOeCElDfquGEXEC1OPUpxgpLXXNfMcXCCfeaJJ4anIxKqJj6p6MR+O78lHXLFglawb4l9gpKYAUta752fFCHAeEK8yQlG3bipSTIKEoZmSS68SSRAgPUI+0NeUoINJJZk9M4KFWPOiHQhdXcKb+nEhQIOUwcHVngFRfLnpT8T+vHSv/3Ekoj2JFOJ4v8mMGVQiniUCPCoIVG2qCsKD6Voj7SKeidG45HYK9+PJf0iiX7NNS5aZSqF6mcWRBHhyAIrDBGaiCa1ADdYDBA3gCL+DVeDSejTfjfd6aMdKZffALxsc3ZpGX7g==</latexit>

dz

dt
= z(a+ ib� |z|2)

<latexit sha1_base64="gJ7miOP6FiQ6uOHMuPdkOTDRQc0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgCCWRom6EYjcuK9gHNKFMptN26GQSZiZiDPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c/yIUals+9sorKyurW8UN0tb2zu7e+b+QVuGscCkhUMWiq6PJGGUk5aiipFuJAgKfEY6/qSR+Z17IiQN+Z1KIuIFaMTpkGKktNQ3y49XD6c0cSl3A6TGvp82pn2zYlftGaxl4uSkAjmaffPLHYQ4DghXmCEpe44dKS9FQlHMyLTkxpJECE/QiPQ05Sgg0ktn4afWsVYG1jAU+nFlzdTfGykKpEwCX09mCeWil4n/eb1YDS+9lPIoVoTj+aFhzCwVWlkT1oAKghVLNEFYUJ3VwmMkEFa6r5IuwVn88jJpn1Wd82rttlapX+d1FOEQjuAEHLiAOtxAE1qAIYFneIU348l4Md6Nj/lowch3yvAHxucP0u6U5g==</latexit>

z = x+ iy 2 C <latexit sha1_base64="SuVPDb0z3tb/mneXbs7X3PYYiNU=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcsq9gFNLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadefXOd+95FKxSJxr6cx9UI8EixgBGsjPWCXCTfEeuz76V02qNbsuj0DWiZOQWpQoDWofrnDiCQhFZpwrFTfsWPtpVhqRjjNKm6iaIzJBI9o31CBQ6q8dJY6QydGGaIgkuYJjWbq740Uh0pNQ99M5gnVopeL/3n9RAeXXspEnGgqyPxQkHCkI5RXgIZMUqL51BBMJDNZERljiYk2RVVMCc7il5dJ56zunNcbt41a86qoowxHcAyn4MAFNOEGWtAGAhKe4RXerCfrxXq3PuajJavYOYQ/sD5/AMq6krc=</latexit>

a 2 R
<latexit sha1_base64="GIkxe8QlP2VIwfOomqN56Zcq3Vk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkUQhJJIUZdFNy6r2Ac0IcxMp+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zcMKZ0q77bZXW1jc2t8rblZ3dvf0D+/CoreJUEtoiMY9lFyNFORO0pZnmtJtIiiLMaQeP73K/M6FSsVg86WlCgwgNBRswgrSRQtvGPhN+hPQI4+xxFl6EdtWtuXM4q8QrSBUKNEP7y+/HJI2o0IQjpXqem+ggQ1Izwums4qeKJoiM0ZD2DBUooirI5slnzplR+s4gluYJ7czV3xsZipSaRthM5hnVspeL/3m9VA9ugoyJJNVUkMWhQcodHTt5DU6fSUo0nxqCiGQmq0NGSCKiTVkVU4K3/OVV0r6seVe1+kO92rgt6ijDCZzCOXhwDQ24hya0gMAEnuEV3qzMerHerY/FaMkqdo7hD6zPH2sUk4c=</latexit>

b 2 R+

complex amplitude
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Dynamical Systems

Stuart - Landau oscillator
<latexit sha1_base64="Ua8GH4Ydde4wTqYSdbKHe55R1L0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEUtSiroRim5cVrAPaGOZTCbt0MkkzEyENu3Cjb/ixoUibv0Id/6N0zYLrR64cDjnXu69x40YlcqyvozM0vLK6lp2PbexubW9Y+7uNWQYC0zqOGShaLlIEkY5qSuqGGlFgqDAZaTpDq6mfvOeCElDfquGEXEC1OPUpxgpLXXNfMcXCCfeaJJ4anIxKqJj6p6MR+O78lHXLFglawb4l9gpKYAUta752fFCHAeEK8yQlG3bipSTIKEoZmSS68SSRAgPUI+0NeUoINJJZk9M4KFWPOiHQhdXcKb+nEhQIOUwcHVngFRfLnpT8T+vHSv/3Ekoj2JFOJ4v8mMGVQiniUCPCoIVG2qCsKD6Voj7SKeidG45HYK9+PJf0iiX7NNS5aZSqF6mcWRBHhyAIrDBGaiCa1ADdYDBA3gCL+DVeDSejTfjfd6aMdKZffALxsc3ZpGX7g==</latexit>

dz

dt
= z(a+ ib� |z|2)

<latexit sha1_base64="gJ7miOP6FiQ6uOHMuPdkOTDRQc0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgCCWRom6EYjcuK9gHNKFMptN26GQSZiZiDPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c/yIUals+9sorKyurW8UN0tb2zu7e+b+QVuGscCkhUMWiq6PJGGUk5aiipFuJAgKfEY6/qSR+Z17IiQN+Z1KIuIFaMTpkGKktNQ3y49XD6c0cSl3A6TGvp82pn2zYlftGaxl4uSkAjmaffPLHYQ4DghXmCEpe44dKS9FQlHMyLTkxpJECE/QiPQ05Sgg0ktn4afWsVYG1jAU+nFlzdTfGykKpEwCX09mCeWil4n/eb1YDS+9lPIoVoTj+aFhzCwVWlkT1oAKghVLNEFYUJ3VwmMkEFa6r5IuwVn88jJpn1Wd82rttlapX+d1FOEQjuAEHLiAOtxAE1qAIYFneIU348l4Md6Nj/lowch3yvAHxucP0u6U5g==</latexit>

z = x+ iy 2 C <latexit sha1_base64="SuVPDb0z3tb/mneXbs7X3PYYiNU=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcsq9gFNLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadefXOd+95FKxSJxr6cx9UI8EixgBGsjPWCXCTfEeuz76V02qNbsuj0DWiZOQWpQoDWofrnDiCQhFZpwrFTfsWPtpVhqRjjNKm6iaIzJBI9o31CBQ6q8dJY6QydGGaIgkuYJjWbq740Uh0pNQ99M5gnVopeL/3n9RAeXXspEnGgqyPxQkHCkI5RXgIZMUqL51BBMJDNZERljiYk2RVVMCc7il5dJ56zunNcbt41a86qoowxHcAyn4MAFNOEGWtAGAhKe4RXerCfrxXq3PuajJavYOYQ/sD5/AMq6krc=</latexit>

a 2 R
<latexit sha1_base64="GIkxe8QlP2VIwfOomqN56Zcq3Vk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkUQhJJIUZdFNy6r2Ac0IcxMp+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zcMKZ0q77bZXW1jc2t8rblZ3dvf0D+/CoreJUEtoiMY9lFyNFORO0pZnmtJtIiiLMaQeP73K/M6FSsVg86WlCgwgNBRswgrSRQtvGPhN+hPQI4+xxFl6EdtWtuXM4q8QrSBUKNEP7y+/HJI2o0IQjpXqem+ggQ1Izwums4qeKJoiM0ZD2DBUooirI5slnzplR+s4gluYJ7czV3xsZipSaRthM5hnVspeL/3m9VA9ugoyJJNVUkMWhQcodHTt5DU6fSUo0nxqCiGQmq0NGSCKiTVkVU4K3/OVV0r6seVe1+kO92rgt6ijDCZzCOXhwDQ24hya0gMAEnuEV3qzMerHerY/FaMkqdo7hD6zPH2sUk4c=</latexit>

b 2 R+

<latexit sha1_base64="tLWp6iCshV5IGsd6INflY6/2Fqk="></latexit>(
ẋ = ax� by � x(x2 + y2)

ẏ = bx+ ay � y(x2 + y2)

complex amplitude

Real variables

<latexit sha1_base64="WdtABclAIHEobtnbwKIpJ4Diwfc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahhVISKepFKHrxWMF+QBrKZrtpl26yYXciltCf4cWDIl79Nd78N27bHLT1wcDjvRlm5vmx4Bps+9vKra1vbG7ltws7u3v7B8XDo7aWiaKsRaWQqusTzQSPWAs4CNaNFSOhL1jHH9/O/M4jU5rL6AEmMfNCMox4wCkBI7nlp+qkcl22q3alXyzZNXsOvEqcjJRQhma/+NUbSJqELAIqiNauY8fgpUQBp4JNC71Es5jQMRky19CIhEx76fzkKT4zygAHUpmKAM/V3xMpCbWehL7pDAmM9LI3E//z3ASCKy/lUZwAi+hiUZAIDBLP/scDrhgFMTGEUMXNrZiOiCIUTEoFE4Kz/PIqaZ/XnIta/b5eatxkceTRCTpFZeSgS9RAd6iJWogiiZ7RK3qzwHqx3q2PRWvOymaO0R9Ynz+JSo95</latexit>

(x, y) = (0, 0) Equilibrium

Stable if
<latexit sha1_base64="8PHK/hWUlHI43B0dZZW9S13AavY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZ0XxAcoS9zVyyZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LRzNO0I/oQPKQM2qs9ECv3V654lbdGcgy8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5sUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDtNKNbg==</latexit>

a < 0 , unstable if
<latexit sha1_base64="5B2+Zul/wf2gpa6qYB+moJI97Yw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlB3rt9soVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb2L6vn9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx+33I1w</latexit>

a > 0
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Dynamical Systems

Stuart - Landau oscillator
<latexit sha1_base64="Ua8GH4Ydde4wTqYSdbKHe55R1L0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEUtSiroRim5cVrAPaGOZTCbt0MkkzEyENu3Cjb/ixoUibv0Id/6N0zYLrR64cDjnXu69x40YlcqyvozM0vLK6lp2PbexubW9Y+7uNWQYC0zqOGShaLlIEkY5qSuqGGlFgqDAZaTpDq6mfvOeCElDfquGEXEC1OPUpxgpLXXNfMcXCCfeaJJ4anIxKqJj6p6MR+O78lHXLFglawb4l9gpKYAUta752fFCHAeEK8yQlG3bipSTIKEoZmSS68SSRAgPUI+0NeUoINJJZk9M4KFWPOiHQhdXcKb+nEhQIOUwcHVngFRfLnpT8T+vHSv/3Ekoj2JFOJ4v8mMGVQiniUCPCoIVG2qCsKD6Voj7SKeidG45HYK9+PJf0iiX7NNS5aZSqF6mcWRBHhyAIrDBGaiCa1ADdYDBA3gCL+DVeDSejTfjfd6aMdKZffALxsc3ZpGX7g==</latexit>

dz

dt
= z(a+ ib� |z|2)

<latexit sha1_base64="gJ7miOP6FiQ6uOHMuPdkOTDRQc0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgCCWRom6EYjcuK9gHNKFMptN26GQSZiZiDPVX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c/yIUals+9sorKyurW8UN0tb2zu7e+b+QVuGscCkhUMWiq6PJGGUk5aiipFuJAgKfEY6/qSR+Z17IiQN+Z1KIuIFaMTpkGKktNQ3y49XD6c0cSl3A6TGvp82pn2zYlftGaxl4uSkAjmaffPLHYQ4DghXmCEpe44dKS9FQlHMyLTkxpJECE/QiPQ05Sgg0ktn4afWsVYG1jAU+nFlzdTfGykKpEwCX09mCeWil4n/eb1YDS+9lPIoVoTj+aFhzCwVWlkT1oAKghVLNEFYUJ3VwmMkEFa6r5IuwVn88jJpn1Wd82rttlapX+d1FOEQjuAEHLiAOtxAE1qAIYFneIU348l4Md6Nj/lowch3yvAHxucP0u6U5g==</latexit>

z = x+ iy 2 C <latexit sha1_base64="SuVPDb0z3tb/mneXbs7X3PYYiNU=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcsq9gFNLJPppB06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87GinAna1kxz2oslxaHPadefXOd+95FKxSJxr6cx9UI8EixgBGsjPWCXCTfEeuz76V02qNbsuj0DWiZOQWpQoDWofrnDiCQhFZpwrFTfsWPtpVhqRjjNKm6iaIzJBI9o31CBQ6q8dJY6QydGGaIgkuYJjWbq740Uh0pNQ99M5gnVopeL/3n9RAeXXspEnGgqyPxQkHCkI5RXgIZMUqL51BBMJDNZERljiYk2RVVMCc7il5dJ56zunNcbt41a86qoowxHcAyn4MAFNOEGWtAGAhKe4RXerCfrxXq3PuajJavYOYQ/sD5/AMq6krc=</latexit>

a 2 R
<latexit sha1_base64="GIkxe8QlP2VIwfOomqN56Zcq3Vk=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkUQhJJIUZdFNy6r2Ac0IcxMp+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcyz1zcMKZ0q77bZXW1jc2t8rblZ3dvf0D+/CoreJUEtoiMY9lFyNFORO0pZnmtJtIiiLMaQeP73K/M6FSsVg86WlCgwgNBRswgrSRQtvGPhN+hPQI4+xxFl6EdtWtuXM4q8QrSBUKNEP7y+/HJI2o0IQjpXqem+ggQ1Izwums4qeKJoiM0ZD2DBUooirI5slnzplR+s4gluYJ7czV3xsZipSaRthM5hnVspeL/3m9VA9ugoyJJNVUkMWhQcodHTt5DU6fSUo0nxqCiGQmq0NGSCKiTVkVU4K3/OVV0r6seVe1+kO92rgt6ijDCZzCOXhwDQ24hya0gMAEnuEV3qzMerHerY/FaMkqdo7hD6zPH2sUk4c=</latexit>

b 2 R+

complex amplitude

Polar coordinates
<latexit sha1_base64="ZcK4tkJhN01Qm7V+8f3CO0ZrT0Y=">AAACA3icbVDLSgMxFM34rPVVdaebwSLUTZmRom6EohuXFewD2loy6Z02NDMZkjtCHQpu/BU3LhRx60+4829M21lo64GQk3Pu5eYeLxJco+N8WwuLS8srq5m17PrG5tZ2bme3pmWsGFSZFFI1PKpB8BCqyFFAI1JAA09A3Rtcjf36PSjNZXiLwwjaAe2F3OeMopE6uf2HAh5ftFRfmhvuEt7CPiA1j1Enl3eKzgT2PHFTkicpKp3cV6srWRxAiExQrZuuE2E7oQo5EzDKtmINEWUD2oOmoSENQLeTyQ4j+8goXduXypwQ7Yn6uyOhgdbDwDOVAcW+nvXG4n9eM0b/vJ3wMIoRQjYd5MfCRmmPA7G7XAFDMTSEMsXNX23Wp4oyNLFlTQju7MrzpHZSdE+LpZtSvnyZxpEhB+SQFIhLzkiZXJMKqRJGHskzeSVv1pP1Yr1bH9PSBSvt2SN/YH3+AMFKlvk=</latexit>

z(t) = ⇢(t)ei✓(t)

A limit cycle emerges once     passes from negative to positive values<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a

<latexit sha1_base64="NDzYiKOV0XuZc6wCLA799S8C9yQ="></latexit>(
⇢̇ = ⇢(a� ⇢2)

✓̇ = b
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Dynamical Systems

Bifurcation.


The qualitative behaviour of the system suddenly changes once 
a parameter reaches a critical value.
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Dynamical Systems

Saddle - node Bifurcation.


By varying a parameter a saddle equilibrium and a stable node 
equilibrium merge and disappear.

<latexit sha1_base64="yDtemY8gkCSfF1fL/XQ3rDesBtk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEIeyGoF6EoBePEcwDkjXMTibJkNmHM70hYcl3ePGgiFc/xpt/4yTZgyYWDBRVXXRPeZEUGm3721pZXVvf2MxsZbd3dvf2cweHNR3GivEqC2WoGh7VXIqAV1Gg5I1Icep7kte9we3Urw+50iIMHnAccdenvUB0BaNoJLfVCTEZTa7V+eix2M7l7YI9A1kmTkrykKLSzn2ZPIt9HiCTVOumY0foJlShYJJPsq1Y84iyAe3xpqEB9bl2k9nRE3JqlA7phsq8AMlM/Z1IqK/12PfMpE+xrxe9qfif14yxe+UmIohi5AGbL+rGkmBIpg2QjlCcoRwbQpkS5lbC+lRRhqanrCnBWfzyMqkVC85FoXRfypdv0joycAwncAYOXEIZ7qACVWDwBM/wCm/W0Hqx3q2P+eiKlWaO4A+szx+SMpH6</latexit>

ẋ = r + x2
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Dynamical Systems

Saddle - node (blue sky) Bifurcation.


By varying a parameter a saddle equilibrium and a node 
equilibrium appear “out of the clear blue sky”

<latexit sha1_base64="Sb06zwSt0FrLZP5GNMk1U/yPk1o=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEy8SHYJUS8mRC8eMZFHAiuZHQaYMPtwppdANnyHFw8a49WP8ebfOMAeFKxkkkpVV7qnvEgKjbb9ba2srq1vbGa2sts7u3v7uYPDmg5jxXiVhTJUDY9qLkXAqyhQ8kakOPU9yeve4Hbq14dcaREGDziOuOvTXiC6glE0ktvqhJiMJtfqfPRYbOfydsGegSwTJyV5SFFp575MnsU+D5BJqnXTsSN0E6pQMMkn2VaseUTZgPZ409CA+ly7yezoCTk1Sod0Q2VegGSm/k4k1Nd67Htm0qfY14veVPzPa8bYvXITEUQx8oDNF3VjSTAk0wZIRyjOUI4NoUwJcythfaooQ9NT1pTgLH55mdSKBeeiULov5cs3aR0ZOIYTOAMHLqEMd1CBKjB4gmd4hTdraL1Y79bHfHTFSjNH8AfW5w+VQJH8</latexit>

ẋ = r � x2
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Dynamical Systems

Transcritical Bifurcation.


The equilibrium (here x=0) always exits but it changes its character 
by varying a parameter.

<latexit sha1_base64="r7BsW8oEw+mzuOXF26wQnZTuwKI=">AAAB9XicbVBNT8JAEJ36ifiFevTSSEy8SFpC1IsJ0YtHTOQjgUK2ywIbtttmd6qQhv/hxYPGePW/ePPfuEAPCr5kkpf3ZnZnnh8JrtFxvq2V1bX1jc3MVnZ7Z3dvP3dwWNNhrCir0lCEquETzQSXrIocBWtEipHAF6zuD2+nfv2RKc1D+YDjiHkB6Uve45SgkdqtbojJaHKtRuejdrGTyzsFZwZ7mbgpyUOKSif3ZR6gccAkUkG0brpOhF5CFHIq2CTbijWLCB2SPmsaKknAtJfMtp7Yp0bp2r1QmZJoz9TfEwkJtB4HvukMCA70ojcV//OaMfauvITLKEYm6fyjXixsDO1pBHaXK0ZRjA0hVHGzq00HRBGKJqisCcFdPHmZ1IoF96JQui/lyzdpHBk4hhM4AxcuoQx3UIEqUFDwDK/wZj1ZL9a79TFvXbHSmSP4A+vzB3XNkn4=</latexit>

ẋ = rx� x2
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Dynamical Systems

Supercritical Pitchfork Bifurcation.


By varying a parameter a stable equilibrium (here x=0) 
becomes unstable and two new stable equilibria emerge.

<latexit sha1_base64="mUXPv7HbKQ+XIAI0iEo6m2n0ufg=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEy8SHaVqBcTohePmMgjgYXMDgNMmH1kplchG/7DiweN8eq/ePNvHGAPClbSSaWqe6a7vEgKjbb9bS0tr6yurWc2sptb2zu7ub39qg5jxXiFhTJUdY9qLkXAKyhQ8nqkOPU9yWve4Hbi1x650iIMHnAUcdenvUB0BaNopFazE2IyHF+r4emwdd7O5e2CPQVZJE5K8pCi3M59mQdY7PMAmaRaNxw7QjehCgWTfJxtxppHlA1ojzcMDajPtZtMtx6TY6N0SDdUpgIkU/X3REJ9rUe+Zzp9in09703E/7xGjN0rNxFBFCMP2OyjbiwJhmQSAekIxRnKkSGUKWF2JaxPFWVogsqaEJz5kxdJ9azgXBSK98V86SaNIwOHcAQn4MAllOAOylABBgqe4RXerCfrxXq3PmatS1Y6cwB/YH3+AHdRkn8=</latexit>

ẋ = rx� x3
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Dynamical Systems

Subcritical Pitchfork Bifurcation.


By varying a parameter a stable equilibrium (here x=0) and 
two unstable ones, merge and make the original equilibrium to 
be unstable

<latexit sha1_base64="EHdTfTQk97MzUcMsnulVFUqHdbo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIexqUC9C0IvHCOYBySbMTibJkNkHM72asOQ/vHhQxKv/4s2/cZLsQRMLGoqq7pnu8iIpNNr2t7W0vLK6tp7ZyG5ube/s5vb2qzqMFeMVFspQ1T2quRQBr6BAyeuR4tT3JK95g9uJX3vkSosweMBRxF2f9gLRFYyikVrNTojJcHythqfD1nk7l7cL9hRkkTgpyUOKcjv3ZR5gsc8DZJJq3XDsCN2EKhRM8nG2GWseUTagPd4wNKA+124y3XpMjo3SId1QmQqQTNXfEwn1tR75nun0Kfb1vDcR//MaMXav3EQEUYw8YLOPurEkGJJJBKQjFGcoR4ZQpoTZlbA+VZShCSprQnDmT14k1bOCc1Eo3hfzpZs0jgwcwhGcgAOXUII7KEMFGCh4hld4s56sF+vd+pi1LlnpzAH8gfX5A3RDkn0=</latexit>

ẋ = rx+ x3
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Dynamical Systems

Subcritical Pitchfork Bifurcation.


By varying a parameter a stable equilibrium (here x=0) and 
two unstable ones, merge and make the original equilibrium to 
be unstable

<latexit sha1_base64="EHdTfTQk97MzUcMsnulVFUqHdbo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIexqUC9C0IvHCOYBySbMTibJkNkHM72asOQ/vHhQxKv/4s2/cZLsQRMLGoqq7pnu8iIpNNr2t7W0vLK6tp7ZyG5ube/s5vb2qzqMFeMVFspQ1T2quRQBr6BAyeuR4tT3JK95g9uJX3vkSosweMBRxF2f9gLRFYyikVrNTojJcHythqfD1nk7l7cL9hRkkTgpyUOKcjv3ZR5gsc8DZJJq3XDsCN2EKhRM8nG2GWseUTagPd4wNKA+124y3XpMjo3SId1QmQqQTNXfEwn1tR75nun0Kfb1vDcR//MaMXav3EQEUYw8YLOPurEkGJJJBKQjFGcoR4ZQpoTZlbA+VZShCSprQnDmT14k1bOCc1Eo3hfzpZs0jgwcwhGcgAOXUII7KEMFGCh4hld4s56sF+vd+pi1LlnpzAH8gfX5A3RDkn0=</latexit>

ẋ = rx+ x3

To avoid escaping orbits, one should usually 
introduce high order stabilising terms

<latexit sha1_base64="o1PGDjXWeEwfOSchl3rh7SSrwcE=">AAAB+3icbVDJSgNBEK1xjXEb49FLYxAEMcxoXC5C0IvHCGaBZBJ6Oj1Jk56F7h6ZMMyvePGgiFd/xJt/Y2c5aOKDgsd7Vd1Vz404k8qyvo2l5ZXVtfXcRn5za3tn19wr1GUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHd6N/cYTFZKFwaMaRdTxcT9gHiNYaalrFtq9UKVJdiOSk6Rzfpp0Lrpm0SpZE6BFYs9IEWaods0v/QiJfRoowrGULduKlJNioRjhNMu3Y0kjTIa4T1uaBtin0kknu2foSCs95IVCV6DQRP09kWJfypHv6k4fq4Gc98bif14rVt61k7IgihUNyPQjL+ZIhWgcBOoxQYniI00wEUzvisgAC0yUjiuvQ7DnT14k9bOSfVkqP5SLldtZHDk4gEM4BhuuoAL3UIUaEEjgGV7hzciMF+Pd+Ji2LhmzmX34A+PzB3DzlA4=</latexit>

ẋ = rx+ x3 � x5
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Dynamical Systems

Subcritical Pitchfork Bifurcation and Hysteresis
<latexit sha1_base64="o1PGDjXWeEwfOSchl3rh7SSrwcE=">AAAB+3icbVDJSgNBEK1xjXEb49FLYxAEMcxoXC5C0IvHCGaBZBJ6Oj1Jk56F7h6ZMMyvePGgiFd/xJt/Y2c5aOKDgsd7Vd1Vz404k8qyvo2l5ZXVtfXcRn5za3tn19wr1GUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHd6N/cYTFZKFwaMaRdTxcT9gHiNYaalrFtq9UKVJdiOSk6Rzfpp0Lrpm0SpZE6BFYs9IEWaods0v/QiJfRoowrGULduKlJNioRjhNMu3Y0kjTIa4T1uaBtin0kknu2foSCs95IVCV6DQRP09kWJfypHv6k4fq4Gc98bif14rVt61k7IgihUNyPQjL+ZIhWgcBOoxQYniI00wEUzvisgAC0yUjiuvQ7DnT14k9bOSfVkqP5SLldtZHDk4gEM4BhuuoAL3UIUaEEjgGV7hzciMF+Pd+Ji2LhmzmX34A+PzB3DzlA4=</latexit>

ẋ = rx+ x3 � x5
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Dynamical Systems

Hopf Bifurcation.

By varying a parameter, a stable equilibrium becomes unstable 
and a limit cycle emerges

<latexit sha1_base64="iCfkFZ6Pv1Z8iSgapIWRWiAV0IA=">AAACKXicbVBNS8NAEN34bfyKevQSLIoeLEkR9SIUvXisYKvQ1LLZTtqlm03YnQgl9O948a94UVDUq3/EbZuDXw8WHu/NzM68MBVco+e9W1PTM7Nz8wuL9tLyyuqas77R0EmmGNRZIhJ1E1INgkuoI0cBN6kCGocCrsP++ci/vgOleSKvcJBCK6ZdySPOKBqp7VSDELpc5szM0EM76CSYq+HuqdoL4uxA3Vb2g2CiBtgDpMY68O0AZKdoaTslr+yN4f4lfkFKpECt7TybcSyLQSITVOum76XYyqlCzgSYFTINKWV92oWmoZLGoFv5+NKhu2OUjhslyjyJ7lj93pHTWOtBHJrKmGJP//ZG4n9eM8PopJVzmWYIkk0+ijLhYuKOYnM7XAFDMTCEMsXNri7rUUUZmnBtE4L/++S/pFEp+0flw8vDUvWsiGOBbJFtskd8ckyq5ILUSJ0wck8eyQt5tR6sJ+vN+piUTllFzyb5AevzCwOJpno=</latexit>(
ṙ = r(µ� r2)

✓̇ = �1
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Dynamical Systems

Chaotic behaviour.


Roughly speaking, high sensitivity to initial conditions, i.e., 
nearby orbits diverge each others.

<latexit sha1_base64="+Ed6XTF12ERZZLomwSvCS60PDWs="></latexit>

� = lim
t!1

lim
||�(0)||!0

1

t
log

||�(t)||
||�(0)||

Maximal Lyapunov exponent
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Dynamical Systems

Lorenz system Rössler system

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>

{

Chaotic behaviour. Two “main” examples



www.unamur.be timoteo.carletti@unamur.be

Network theory
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Non physical networks :

Network theory

Physical networks :

- Friendships
- www

- email / texto / call

- Power plant
- internet

- road / train / flight

- … - …
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Networks are everywhere

world flights map

social networks

proteins networks technological networks
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Network = finite set of nodes pairwise connected, 
i.e., there is a link (edge) among the two nodes if 
there is some interaction among them

Network theory

a

b

c
a and b are friends, they can exchange ideas

a and c are friends, they can exchange ideas

a, b and c are human beings
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Network = finite set of nodes pairwise connected, 
i.e., there is a link (edge) among the two nodes if 
there is some interaction among them

Network theory

a

b

c
a and b are linked, they share hyperlinks

a and c are linked, they share hyperlinks

a, b and c are web pages
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Network theory

The degree of a node is the number of its neighbours 

A network can be encoded by the adjacency matrix
<latexit sha1_base64="zRgUw/PmgAOU3sL5DrGXaI9Jb6Y=">AAACCXicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinqsevFYwX5AE8tmu2mXbjZhdyOUkKsX/4oXD4p49R9489+4bXPQ1gcDj/dmmJnnx5wpbdvfVmFpeWV1rbhe2tjc2t4p7+61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Prid++4FKxSJxp8cx9UI8ECxgBGsj9crIDbEe+kF6mblMuKl94rjZfSpczUKqkMh65YpdtadAi8TJSQVyNHrlL7cfkSSkQhOOleo6dqy9FEvNCKdZyU0UjTEZ4QHtGiqw2eOl008ydGSUPgoiaUpoNFV/T6Q4VGoc+qZzcrea9ybif1430cGFlzIRJ5oKMlsUJBzpCE1iQX0mKdF8bAgmkplbERliiYk24ZVMCM78y4ukdVp1zqq121qlfpXHUYQDOIRjcOAc6nADDWgCgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AYQumjs=</latexit>

A 2 {0, 1}n⇥n

<latexit sha1_base64="taLISHm6LLYjgoQOXYVvrZQnnPA=">AAACI3icbVBLSwMxEM76tr6qHr0EW8FT2RVREQQfF48KVoW2lGx2to3NZtdkVizL/hcv/hUvHhTx4sH/Yvo4aOsHId98M8PMfH4ihUHX/XImJqemZ2bn5gsLi0vLK8XVtWsTp5pDlccy1rc+MyCFgioKlHCbaGCRL+HG75z18jcPoI2I1RV2E2hErKVEKDhDKzWLhyfNTNzlR179PmVBHeERMxGGeT+kg7gsypSpgJbv7K+B2lkdCPJmseRW3D7oOPGGpESGuGgWP+pBzNMIFHLJjKl5boKNjGkUXEJeqKcGEsY7rAU1SxWLwDSy/o053bJKQMNY26eQ9tXfHRmLjOlGvq2MGLbNaK4n/perpRgeNDKhkhRB8cGgMJUUY9ozjAZCA0fZtYRxLeyulLeZZhytrQVrgjd68ji53ql4e5Xdy93S8enQjjmyQTbJNvHIPjkm5+SCVAknT+SFvJF359l5dT6cz0HphDPsWSd/4Hz/AIXypCs=</latexit>

Aij = 1 i↵ i and j are linked

<latexit sha1_base64="OWUj2gueCe4oynjYizf//1cmLo4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKeqmUHXjsoJ9QDsOmTRt0yaZIckIZZyFv+LGhSJu/Q13/o1pOwttPXDhcM693HtPEDGqtON8W7ml5ZXVtfx6YWNza3vH3t1rqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBmMrid+84FIRUNxp8cR8TjqC9qjGGkj+fbByKeVjoq5nwwrbnovLv2EDlPfLjolZwq4SNyMFEGGmm9/dbohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOER6pO2oQJxorxken8Kj43Shb1QmhIaTtXfEwniSo15YDo50gM1703E/7x2rHsXXkJFFGsi8GxRL2ZQh3ASBuxSSbBmY0MQltTcCvEASYS1iaxgQnDnX14kjdOSe1Yq35aL1assjjw4BEfgBLjgHFTBDaiBOsDgETyDV/BmPVkv1rv1MWvNWdnMPvgD6/MH+dqWFw==</latexit>

ki =
nX

j=1

Aij
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Network theory

The degree of a node is the number of its neighbours 

A network can be encoded by the adjacency matrix
<latexit sha1_base64="zRgUw/PmgAOU3sL5DrGXaI9Jb6Y=">AAACCXicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinqsevFYwX5AE8tmu2mXbjZhdyOUkKsX/4oXD4p49R9489+4bXPQ1gcDj/dmmJnnx5wpbdvfVmFpeWV1rbhe2tjc2t4p7+61VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Prid++4FKxSJxp8cx9UI8ECxgBGsj9crIDbEe+kF6mblMuKl94rjZfSpczUKqkMh65YpdtadAi8TJSQVyNHrlL7cfkSSkQhOOleo6dqy9FEvNCKdZyU0UjTEZ4QHtGiqw2eOl008ydGSUPgoiaUpoNFV/T6Q4VGoc+qZzcrea9ybif1430cGFlzIRJ5oKMlsUJBzpCE1iQX0mKdF8bAgmkplbERliiYk24ZVMCM78y4ukdVp1zqq121qlfpXHUYQDOIRjcOAc6nADDWgCgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AYQumjs=</latexit>

A 2 {0, 1}n⇥n

<latexit sha1_base64="taLISHm6LLYjgoQOXYVvrZQnnPA=">AAACI3icbVBLSwMxEM76tr6qHr0EW8FT2RVREQQfF48KVoW2lGx2to3NZtdkVizL/hcv/hUvHhTx4sH/Yvo4aOsHId98M8PMfH4ihUHX/XImJqemZ2bn5gsLi0vLK8XVtWsTp5pDlccy1rc+MyCFgioKlHCbaGCRL+HG75z18jcPoI2I1RV2E2hErKVEKDhDKzWLhyfNTNzlR179PmVBHeERMxGGeT+kg7gsypSpgJbv7K+B2lkdCPJmseRW3D7oOPGGpESGuGgWP+pBzNMIFHLJjKl5boKNjGkUXEJeqKcGEsY7rAU1SxWLwDSy/o053bJKQMNY26eQ9tXfHRmLjOlGvq2MGLbNaK4n/perpRgeNDKhkhRB8cGgMJUUY9ozjAZCA0fZtYRxLeyulLeZZhytrQVrgjd68ji53ql4e5Xdy93S8enQjjmyQTbJNvHIPjkm5+SCVAknT+SFvJF359l5dT6cz0HphDPsWSd/4Hz/AIXypCs=</latexit>

Aij = 1 i↵ i and j are linked

<latexit sha1_base64="OWUj2gueCe4oynjYizf//1cmLo4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZKeqmUHXjsoJ9QDsOmTRt0yaZIckIZZyFv+LGhSJu/Q13/o1pOwttPXDhcM693HtPEDGqtON8W7ml5ZXVtfx6YWNza3vH3t1rqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBmMrid+84FIRUNxp8cR8TjqC9qjGGkj+fbByKeVjoq5nwwrbnovLv2EDlPfLjolZwq4SNyMFEGGmm9/dbohjjkRGjOkVNt1Iu0lSGqKGUkLnViRCOER6pO2oQJxorxken8Kj43Shb1QmhIaTtXfEwniSo15YDo50gM1703E/7x2rHsXXkJFFGsi8GxRL2ZQh3ASBuxSSbBmY0MQltTcCvEASYS1iaxgQnDnX14kjdOSe1Yq35aL1assjjw4BEfgBLjgHFTBDaiBOsDgETyDV/BmPVkv1rv1MWvNWdnMPvgD6/MH+dqWFw==</latexit>

ki =
nX

j=1

Aij

a

b

c <latexit sha1_base64="x3oaTPeJMM427KtdlNAU29vWj/E="></latexit>

Aij =

0

@
0 1 1
1 0 0
1 0 0

1

A

a b c
<latexit sha1_base64="vQjIvtMQaIgJyuMmydMU8HE7lAs=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCC5KSUpRN4WiG5cVbCu0IUym03bI5MLMRCihbnwVNy4UcetbuPNtnLRZaOsPAx//OYcz5/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7Bx0ZJYLQNol4JO49LClnIW0rpji9jwXFgcdp1/Ovs3r3gQrJovBOTWLqBHgUsiEjWGnLNY98Fzdq/Qqq+K7XsDNAvksatmuWrao1E1oGO4cy5Gq55ld/EJEkoKEiHEvZs61YOSkWihFOp6V+ImmMiY9HtKcxxAGVTjq7YIpOtTNAw0joFyo0c39PpDiQchJ4ujPAaiwXa5n5X62XqOGlk7IwThQNyXzRMOFIRSiLAw2YoETxiQZMBNN/RWSMBSZKh1bSIdiLJy9Dp1a1z6v123q5eZXHUYRjOIEzsOECmnADLWgDgUd4hld4M56MF+Pd+Ji3Fox85hD+yPj8AUsjlDs=</latexit>

ka = 2 , kb = 1 , kc = 1
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Network theory

If all the links are reciprocal ones, then we have an undirected network
<latexit sha1_base64="uJfefuwwnv378qingrdTfeeXQy4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoiRd0IVTcuK9gHNCFMJtN22skkzkyEErJy46+4caGIW7/BnX/jtM1CWw8MczjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD6/HfuuBCEkjfqdGMXFD1OO0SzFSWvLM/UsvpYPsQn8Dmjn3CQqcbiQQY5AeDzyzbFWsCeA8sXNSBjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4SHqkY6mHIVEuunkjAweaiWAerp+XMGJ+rsjRaGUo9DXlSFSfTnrjcX/vE6iuuduSnmcKMLxdFA3YVBFcJwJDKggWLGRJggLqneFuI8EwkonV9Ih2LMnz5PmScU+rVRvq+XaVR5HEeyBA3AEbHAGauAG1EEDYPAInsEreDOejBfj3fiYlhaMvGcX/IHx+QMjp5jr</latexit>

Aij = Aji 8i, j
Otherwise, we have an directed network

<latexit sha1_base64="yPmFhMEh4JNTin1mXrelIK2NV5U=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g4lgFXYlqI0QtbGMYB6QDWF2MptMMvtw5q4alv0RG3/FxkIRCxvxb5w8Ck08MHDuOfdy5x43ElyBZX0bmYXFpeWV7GpubX1jc8vc3qmpMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7g4uR379jknFw+AGhhFr+aQbcI9TAlpqm6XzdsL76Znt3Mak4wB7gIR7Xjou8aQu9B3Juz0gUob3mBfStpm3itYYeJ7YU5JHU1Ta5qfTCWnsswCoIEo1bSuCVkIkcCpYmnNixSJCB6TLmpoGxGeqlYyvS/GBVjrYC6V+AeCx+nsiIb5SQ9/VnT6Bnpr1RuJ/XjMG77SV8CCKgQV0ssiLBYYQj6LCHS4ZBTHUhFDJ9V8x7RFJKOhAczoEe/bkeVI7KtrHxdJ1KV++mMaRRXtoHx0iG52gMrpCFVRFFD2iZ/SK3own48V4Nz4mrRljOrOL/sD4+gHjTKMK</latexit>

Aij = 1 i↵ j ! i
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Network theory

If all the links are reciprocal ones, then we have an undirected network
<latexit sha1_base64="uJfefuwwnv378qingrdTfeeXQy4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoiRd0IVTcuK9gHNCFMJtN22skkzkyEErJy46+4caGIW7/BnX/jtM1CWw8MczjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD6/HfuuBCEkjfqdGMXFD1OO0SzFSWvLM/UsvpYPsQn8Dmjn3CQqcbiQQY5AeDzyzbFWsCeA8sXNSBjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4SHqkY6mHIVEuunkjAweaiWAerp+XMGJ+rsjRaGUo9DXlSFSfTnrjcX/vE6iuuduSnmcKMLxdFA3YVBFcJwJDKggWLGRJggLqneFuI8EwkonV9Ih2LMnz5PmScU+rVRvq+XaVR5HEeyBA3AEbHAGauAG1EEDYPAInsEreDOejBfj3fiYlhaMvGcX/IHx+QMjp5jr</latexit>

Aij = Aji 8i, j
Otherwise, we have an directed network

<latexit sha1_base64="yPmFhMEh4JNTin1mXrelIK2NV5U=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g4lgFXYlqI0QtbGMYB6QDWF2MptMMvtw5q4alv0RG3/FxkIRCxvxb5w8Ck08MHDuOfdy5x43ElyBZX0bmYXFpeWV7GpubX1jc8vc3qmpMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7g4uR379jknFw+AGhhFr+aQbcI9TAlpqm6XzdsL76Znt3Mak4wB7gIR7Xjou8aQu9B3Juz0gUob3mBfStpm3itYYeJ7YU5JHU1Ta5qfTCWnsswCoIEo1bSuCVkIkcCpYmnNixSJCB6TLmpoGxGeqlYyvS/GBVjrYC6V+AeCx+nsiIb5SQ9/VnT6Bnpr1RuJ/XjMG77SV8CCKgQV0ssiLBYYQj6LCHS4ZBTHUhFDJ9V8x7RFJKOhAczoEe/bkeVI7KtrHxdJ1KV++mMaRRXtoHx0iG52gMrpCFVRFFD2iZ/SK3own48V4Nz4mrRljOrOL/sD4+gHjTKMK</latexit>

Aij = 1 i↵ j ! i

a

b

c
<latexit sha1_base64="VGPTilrRK/fT7PRzkNvFTRGOc04="></latexit>

Aij =

0

@
0 0 0
1 0 0
1 1 0

1

A

a b c
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Network theory

If all the links are reciprocal ones, then we have an undirected network
<latexit sha1_base64="uJfefuwwnv378qingrdTfeeXQy4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoiRd0IVTcuK9gHNCFMJtN22skkzkyEErJy46+4caGIW7/BnX/jtM1CWw8MczjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD6/HfuuBCEkjfqdGMXFD1OO0SzFSWvLM/UsvpYPsQn8Dmjn3CQqcbiQQY5AeDzyzbFWsCeA8sXNSBjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4SHqkY6mHIVEuunkjAweaiWAerp+XMGJ+rsjRaGUo9DXlSFSfTnrjcX/vE6iuuduSnmcKMLxdFA3YVBFcJwJDKggWLGRJggLqneFuI8EwkonV9Ih2LMnz5PmScU+rVRvq+XaVR5HEeyBA3AEbHAGauAG1EEDYPAInsEreDOejBfj3fiYlhaMvGcX/IHx+QMjp5jr</latexit>

Aij = Aji 8i, j
Otherwise, we have an directed network

<latexit sha1_base64="yPmFhMEh4JNTin1mXrelIK2NV5U=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g4lgFXYlqI0QtbGMYB6QDWF2MptMMvtw5q4alv0RG3/FxkIRCxvxb5w8Ck08MHDuOfdy5x43ElyBZX0bmYXFpeWV7GpubX1jc8vc3qmpMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7g4uR379jknFw+AGhhFr+aQbcI9TAlpqm6XzdsL76Znt3Mak4wB7gIR7Xjou8aQu9B3Juz0gUob3mBfStpm3itYYeJ7YU5JHU1Ta5qfTCWnsswCoIEo1bSuCVkIkcCpYmnNixSJCB6TLmpoGxGeqlYyvS/GBVjrYC6V+AeCx+nsiIb5SQ9/VnT6Bnpr1RuJ/XjMG77SV8CCKgQV0ssiLBYYQj6LCHS4ZBTHUhFDJ9V8x7RFJKOhAczoEe/bkeVI7KtrHxdJ1KV++mMaRRXtoHx0iG52gMrpCFVRFFD2iZ/SK3own48V4Nz4mrRljOrOL/sD4+gHjTKMK</latexit>

Aij = 1 i↵ j ! i

The out-degree of a node is 

the number of exiting links

The in-degree of a node is 

the number of entering links

<latexit sha1_base64="vs0o6H8okjSraX91vRwGkaol3gI=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIqJtC1Y3LCvYB7XTIpGmbNskMSUYowyzc+CtuXCji1o9w59+YtrPQ1gOBwzn3cnNOEDGqtON8W7mV1bX1jfxmYWt7Z3fP3j9oqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBmMb6Z+84FIRUNxrycR8TgaCNqnGGkj+XZx3E2oSH1a6aiY+8mo4qZdceUndJT6dskpOzPAZeJmpAQy1Hz7q9MLccyJ0JghpdquE2kvQVJTzEha6MSKRAiP0YC0DRWIE+UlsxApPDZKD/ZDaZ7QcKb+3kgQV2rCAzPJkR6qRW8q/ue1Y92/9EzIKNZE4PmhfsygDuG0EdijkmDNJoYgLKn5K8RDJBHWpreCKcFdjLxMGqdl97x8dndWql5ndeRBERyBE+CCC1AFt6AG6gCDR/AMXsGb9WS9WO/Wx3w0Z2U7h+APrM8fND+Ydg==</latexit>

kini =
nX

j=1

Aij

<latexit sha1_base64="aUP9oI3GSaiQ0jp7EPjThMmgB1k=">AAACBXicbZC7SgNBFIZn4y3G26qlFotBsAq7EtQmELWxjGAukGyW2ckkGTMzu8xFCMs2Nr6KjYUitr6DnW/jJNlCE38Y+PjPOZw5fxhTIpXrflu5peWV1bX8emFjc2t7x97da8hIC4TrKKKRaIVQYko4riuiKG7FAkMWUtwMR9eTevMBC0kifqfGMfYZHHDSJwgqYwX24aibRFqlAal0pGZBcl/x0i6/NEDSwC66JXcqZxG8DIogUy2wvzq9CGmGuUIUStn23Fj5CRSKIIrTQkdLHEM0ggPcNsghw9JPplekzrFxek4/EuZx5Uzd3xMJZFKOWWg6GVRDOV+bmP/V2lr1L/yE8FgrzNFsUV9TR0XOJBKnRwRGio4NQCSI+auDhlBApExwBROCN3/yIjROS95ZqXxbLlavsjjy4AAcgRPggXNQBTegBuoAgUfwDF7Bm/VkvVjv1sesNWdlM/vgj6zPHypOmQE=</latexit>

kouti =
nX

j=1

Aji
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Network theory

If all the links are reciprocal ones, then we have an undirected network
<latexit sha1_base64="uJfefuwwnv378qingrdTfeeXQy4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkoiRd0IVTcuK9gHNCFMJtN22skkzkyEErJy46+4caGIW7/BnX/jtM1CWw8MczjnXu69x48Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlD6/HfuuBCEkjfqdGMXFD1OO0SzFSWvLM/UsvpYPsQn8Dmjn3CQqcbiQQY5AeDzyzbFWsCeA8sXNSBjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzkpWcRJIY4SHqkY6mHIVEuunkjAweaiWAerp+XMGJ+rsjRaGUo9DXlSFSfTnrjcX/vE6iuuduSnmcKMLxdFA3YVBFcJwJDKggWLGRJggLqneFuI8EwkonV9Ih2LMnz5PmScU+rVRvq+XaVR5HEeyBA3AEbHAGauAG1EEDYPAInsEreDOejBfj3fiYlhaMvGcX/IHx+QMjp5jr</latexit>

Aij = Aji 8i, j
Otherwise, we have an directed network

<latexit sha1_base64="yPmFhMEh4JNTin1mXrelIK2NV5U=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g4lgFXYlqI0QtbGMYB6QDWF2MptMMvtw5q4alv0RG3/FxkIRCxvxb5w8Ck08MHDuOfdy5x43ElyBZX0bmYXFpeWV7GpubX1jc8vc3qmpMJaUVWkoQtlwiWKCB6wKHARrRJIR3xWs7g4uR379jknFw+AGhhFr+aQbcI9TAlpqm6XzdsL76Znt3Mak4wB7gIR7Xjou8aQu9B3Juz0gUob3mBfStpm3itYYeJ7YU5JHU1Ta5qfTCWnsswCoIEo1bSuCVkIkcCpYmnNixSJCB6TLmpoGxGeqlYyvS/GBVjrYC6V+AeCx+nsiIb5SQ9/VnT6Bnpr1RuJ/XjMG77SV8CCKgQV0ssiLBYYQj6LCHS4ZBTHUhFDJ9V8x7RFJKOhAczoEe/bkeVI7KtrHxdJ1KV++mMaRRXtoHx0iG52gMrpCFVRFFD2iZ/SK3own48V4Nz4mrRljOrOL/sD4+gHjTKMK</latexit>

Aij = 1 i↵ j ! i

The out-degree of a node is 

the number of exiting links

The in-degree of a node is 

the number of entering links

<latexit sha1_base64="vs0o6H8okjSraX91vRwGkaol3gI=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsyIqJtC1Y3LCvYB7XTIpGmbNskMSUYowyzc+CtuXCji1o9w59+YtrPQ1gOBwzn3cnNOEDGqtON8W7mV1bX1jfxmYWt7Z3fP3j9oqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBmMb6Z+84FIRUNxrycR8TgaCNqnGGkj+XZx3E2oSH1a6aiY+8mo4qZdceUndJT6dskpOzPAZeJmpAQy1Hz7q9MLccyJ0JghpdquE2kvQVJTzEha6MSKRAiP0YC0DRWIE+UlsxApPDZKD/ZDaZ7QcKb+3kgQV2rCAzPJkR6qRW8q/ue1Y92/9EzIKNZE4PmhfsygDuG0EdijkmDNJoYgLKn5K8RDJBHWpreCKcFdjLxMGqdl97x8dndWql5ndeRBERyBE+CCC1AFt6AG6gCDR/AMXsGb9WS9WO/Wx3w0Z2U7h+APrM8fND+Ydg==</latexit>

kini =
nX

j=1

Aij

<latexit sha1_base64="aUP9oI3GSaiQ0jp7EPjThMmgB1k=">AAACBXicbZC7SgNBFIZn4y3G26qlFotBsAq7EtQmELWxjGAukGyW2ckkGTMzu8xFCMs2Nr6KjYUitr6DnW/jJNlCE38Y+PjPOZw5fxhTIpXrflu5peWV1bX8emFjc2t7x97da8hIC4TrKKKRaIVQYko4riuiKG7FAkMWUtwMR9eTevMBC0kifqfGMfYZHHDSJwgqYwX24aibRFqlAal0pGZBcl/x0i6/NEDSwC66JXcqZxG8DIogUy2wvzq9CGmGuUIUStn23Fj5CRSKIIrTQkdLHEM0ggPcNsghw9JPplekzrFxek4/EuZx5Uzd3xMJZFKOWWg6GVRDOV+bmP/V2lr1L/yE8FgrzNFsUV9TR0XOJBKnRwRGio4NQCSI+auDhlBApExwBROCN3/yIjROS95ZqXxbLlavsjjy4AAcgRPggXNQBTegBuoAgUfwDF7Bm/VkvVjv1sesNWdlM/vgj6zPHypOmQE=</latexit>

kouti =
nX

j=1

Aji

a

b

c

<latexit sha1_base64="xKRf8PZF6eXwmEoGCf6L26BDVfo=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQKSUpRd0Uim5cVrAPaGOYTCft0MkkzEyEEvoPbvwVNy4UcevGnX/jpE1BWy8MnMe93LnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NrlO//UCEpCG/U+OIOAEacOpTjJSWXPNsdJ+EsZq4qFbplWBpTr2anVI457hmuWbRKlvTgsvAzkARZNVwza9eP8RxQLjCDEnZta1IOQkSimJGJoVeLEmE8AgNSFdDjgIinWR60wSeaKUP/VDoxxWcqr8nEhRIOQ483RkgNZSLXir+53Vj5V86CeVRrAjHs0V+zKAKYRoQ7FNBsGJjDRAWVP8V4iESCCsdY0GHYC+evAxalbJ9Xq7eVov1qyyOPDgCx+AU2OAC1MENaIAmwOARPINX8GY8GS/Gu/Exa80Z2cwh+FPG5w/9r5z4</latexit>

kouta = 2 , koutb = 1 , koutc = 0
<latexit sha1_base64="qcQq5I+l9qQ0sTEx3qhJAPUFuKE=">AAACEHicbVC7SgNBFL0bXzG+Vi1tBoNoEcJuCGoTCNpYRjAPSNZldjKbDJl9MDMrhJBPsPFXbCwUsbW082+cTbbQxAsD555zL3fO8WLOpLKsbyO3srq2vpHfLGxt7+zumfsHLRklgtAmiXgkOh6WlLOQNhVTnHZiQXHgcdr2Rtep3n6gQrIovFPjmDoBHoTMZwQrTbnm6eh+wsKpi2tWr4RKWefV7LRDWUtqFdcsWmVrVmgZ2BkoQlYN1/zq9SOSBDRUhGMpu7YVK2eChWKE02mhl0gaYzLCA9rVMMQBlc5kZmiKTjTTR34k9AsVmrG/NyY4kHIceHoywGooF7WU/E/rJsq/dLSnOFE0JPNDfsKRilCaDuozQYniYw0wEUz/FZEhFpgonWFBh2AvWl4GrUrZPi9Xb6vF+lUWRx6O4BjOwIYLqMMNNKAJBB7hGV7hzXgyXox342M+mjOynUP4U8bnDw8fm1c=</latexit>

kina = 0 , kinb = 1 , kinc = 2
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Network theory

Links can be weighted
<latexit sha1_base64="vtQED0iCZC4HkZqhR4ndRBY1WHM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWRoi6rblxWsQ9oYphMJ+3QySTMTIQS8gVu/BU3LhRx69qdf+OkzUJbDwycOede7r3HjxmVyrK+jdLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3K/+0CEpBG/U5OYuCEachpQjJSWPLPmhEiN/CC9yBzKZx8/vc284/uUO4qGREKeeWbVqltTwEViF6QKCrQ888sZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppypOe46fScDNa0MoBBJPTjCk7V3x0pCqWchL6uzPeV814u/uf1ExWcuynlcaIIx7NBQcKgimCeDRxQQbBiE00QFlTvCvEICYSVTrCiQ7DnT14knZO6fVpv3DSqzcsijjI4AIfgCNjgDDTBNWiBNsDgETyDV/BmPBkvxrvxMSstGUXPPvgD4/MHJHuczg==</latexit>

A 2 Rn⇥n
+

<latexit sha1_base64="Vnh1oYdSEuo3MjWQy5m/+Xvkq2M="></latexit>

Aij = s i↵ i and j have a connection whose weight is s
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Network theory

Links can be weighted
<latexit sha1_base64="vtQED0iCZC4HkZqhR4ndRBY1WHM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWRoi6rblxWsQ9oYphMJ+3QySTMTIQS8gVu/BU3LhRx69qdf+OkzUJbDwycOede7r3HjxmVyrK+jdLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3K/+0CEpBG/U5OYuCEachpQjJSWPLPmhEiN/CC9yBzKZx8/vc284/uUO4qGREKeeWbVqltTwEViF6QKCrQ888sZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppypOe46fScDNa0MoBBJPTjCk7V3x0pCqWchL6uzPeV814u/uf1ExWcuynlcaIIx7NBQcKgimCeDRxQQbBiE00QFlTvCvEICYSVTrCiQ7DnT14knZO6fVpv3DSqzcsijjI4AIfgCNjgDDTBNWiBNsDgETyDV/BmPBkvxrvxMSstGUXPPvgD4/MHJHuczg==</latexit>

A 2 Rn⇥n
+

<latexit sha1_base64="Vnh1oYdSEuo3MjWQy5m/+Xvkq2M="></latexit>

Aij = s i↵ i and j have a connection whose weight is s

The degree is replaced by the notion of strength
<latexit sha1_base64="bMdv9bUgSqMT46uWqjcC6GKCQ14=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkqBeh6sVjBfsBbQib7abddjcJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqo4lYQ2SMxj2Q6wopxFtKGZ5rSdSIpFwGkrGN3P/NaYSsXi6ElPEuoJ3I9YyAjWRvJtW/nspqtS4Q9v/YwNp75ddirOHGiVuDkpQ466b391ezFJBY004Vipjusk2suw1IxwOi11U0UTTEa4TzuGRlhQ5WXzy6fozCg9FMbSVKTRXP09kWGh1EQEplNgPVDL3kz8z+ukOrz2MhYlqaYRWSwKU450jGYxoB6TlGg+MQQTycytiAywxESbsEomBHf55VXSvKi4l5XqY7Vcu8vjKMIJnMI5uHAFNXiAOjSAwBie4RXerMx6sd6tj0VrwcpnjuEPrM8fqYuTsQ==</latexit>

si =
X

j

Aij

a

b

c
2

1

<latexit sha1_base64="Uzp15oArqszWkEDnv0/aRAEl758="></latexit>

Aij =

0

@
0 1 2
1 0 0
2 0 0

1

A

<latexit sha1_base64="9jHmgeEcwk5yn7Ezw7O/7bi0mx8=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGweIIdzGoTSBoYxnBxEDuOPY2e8mSvQ9294QQ0vhXbCwUsfVn2Plv3CRXaOKDgcd7M8zMC1LOpLLtb6Owsrq2vlHcLG1t7+zumfsHbZlkgtAWSXgiOgGWlLOYthRTnHZSQXEUcPoQDG+m/sMjFZIl8b0apdSLcD9mISNYack3j6SP6+euZSHpB3XHtZAlfVKv+mbZrtgzoGXi5KQMOZq++eX2EpJFNFaEYym7jp0qb4yFYoTTScnNJE0xGeI+7Woa44hKbzx7YIJOtdJDYSJ0xQrN1N8TYxxJOYoC3RlhNZCL3lT8z+tmKrzyxixOM0VjMl8UZhypBE3TQD0mKFF8pAkmgulbERlggYnSmZV0CM7iy8ukXa04F5XaXa3cuM7jKMIxnMAZOHAJDbiFJrSAwASe4RXejCfjxXg3PuatBSOfOYQ/MD5/ABi2lCs=</latexit>

sa = 3 , sb = 1 , sc = 2
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Network theory

A network can be also encoded by the incidence matrix <latexit sha1_base64="9POCsbHgdlL9T5D8XW+Wv03yp3A=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISWRoi6LbtwIFewDmlgm00k7dGYSZiZCCdm68VfcuFDErX/gzr9x0mahrQcuHM65l3vvCWJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8VXudx6IVDQSd3oSE5+joaAhxUgbqW9DjyM9CsL0JvOo8FLnxPWy+5R7mnKioMj6dtWpOVPAReIWpAoKNPv2lzeIcMKJ0JghpXquE2s/RVJTzEhW8RJFYoTHaEh6hgpk9vjp9JMMHhllAMNImhIaTtXfEyniSk14YDrzu9W8l4v/eb1Ehxd+SkWcaCLwbFGYMKgjmMcCB1QSrNnEEIQlNbdCPEISYW3Cq5gQ3PmXF0n7tOae1eq39WrjsoijDA7AITgGLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AGV5ZpG</latexit>

M 2 {0, 1}m⇥n

m number of links, n number of nodes
<latexit sha1_base64="b1uNen/BdfHWIm5B4SM0MnOjJis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BItQQUoiRb0IRS8eK9gPaEPZbCft2s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyK6tr6xv5zcLW9s7uXnH/oKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80e3Ubz2hVCwSD3ocoxeSgWABo0QbqYXXZXb2eNorlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46O3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw5aVMxIlGQeeLgoTbOrKnv9t9JpFqPjaEUMnMrTYdEkmoNgkVTAju4svLpHlecS8q1ftqqXaTxZGHIziGMrhwCTW4gzo0gMIInuEV3qzYerHerY95a87KZg7hD6zPHwntjrs=</latexit>

e = (i, j)Let                    be link in the network, then
<latexit sha1_base64="zxZuwIvY30OJz88zCkU5dtgAKpU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKWRIq6KRTduBEq2Ae0IUymk3bsZBJmJkIJ2fgrblwo4tbPcOffOE2z0NYDF86ccy9z7/EiRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZxgKTFg5ZKLoekoRRTlqKKka6kSAo8BjpeOPrqd95JELSkN+rSUScAA059SlGSkuueXDrJqRC07rdr8BK9nhI66e2a5atqpUBLhI7J2WQo+maX/1BiOOAcIUZkrJnW5FyEiQUxYykpX4sSYTwGA1JT1OOAiKdJDsghcdaGUA/FLq4gpn6eyJBgZSTwNOdAVIjOe9Nxf+8Xqz8SyehPIoV4Xj2kR8zqEI4TQMOqCBYsYkmCAuqd4V4hATCSmdW0iHY8ycvkvZZ1T6v1u5q5cZVHkcRHIIjcAJscAEa4AY0QQtgkIJn8ArejCfjxXg3PmatBSOf2Qd/YHz+AO8YlLQ=</latexit>

Me,i = 1 ,Me,j = �1
<latexit sha1_base64="OH0G8GPREWG7p+eB3Ivtu8sdsYM=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhLArQW2EoI2NEME8IBvC7ORuMu7s7GZmVghLWht/xcZCEVv/wM6/cfIoNPHAhcM593LvPV7MmdK2/W1llpZXVtey67mNza3tnfzuXl1FiaRQoxGPZNMjCjgTUNNMc2jGEkjocWh4wdXYbzyAVCwSd3oYQzskPcF8Rok2UiePbzopFIPRhe0OEtLFrh9JwjkOXAEDzIr3nXzBLtkT4EXizEgBzVDt5L/cbkSTEISmnCjVcuxYt1MiNaMcRjk3URATGpAetAwVJATVTiefjPCRUbrY3GBKaDxRf0+kJFRqGHqmMyS6r+a9sfif10q0f95OmYgTDYJOF/kJxzrC41hwl0mgmg8NIVQycyumfSIJ1Sa8nAnBmX95kdRPSs5pqXxbLlQuZ3Fk0QE6RMfIQWeogq5RFdUQRY/oGb2iN+vJerHerY9pa8aazeyjP7A+fwAPjplO</latexit>

Me,k = 0 8k 6= i, j
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Network theory

<latexit sha1_base64="b1uNen/BdfHWIm5B4SM0MnOjJis=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BItQQUoiRb0IRS8eK9gPaEPZbCft2s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyK6tr6xv5zcLW9s7uXnH/oKmiRFJs0IhHsu0ThZwJbGimObZjiST0Obb80e3Ubz2hVCwSD3ocoxeSgWABo0QbqYXXZXb2eNorlpyKM4O9TNyMlCBDvVf86vYjmoQoNOVEqY7rxNpLidSMcpwUuonCmNARGWDHUEFCVF46O3dinxilbweRNCW0PVN/T6QkVGoc+qYzJHqoFr2p+J/XSXRw5aVMxIlGQeeLgoTbOrKnv9t9JpFqPjaEUMnMrTYdEkmoNgkVTAju4svLpHlecS8q1ftqqXaTxZGHIziGMrhwCTW4gzo0gMIInuEV3qzYerHerY95a87KZg7hD6zPHwntjrs=</latexit>

e = (i, j)
<latexit sha1_base64="zxZuwIvY30OJz88zCkU5dtgAKpU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KKWRIq6KRTduBEq2Ae0IUymk3bsZBJmJkIJ2fgrblwo4tbPcOffOE2z0NYDF86ccy9z7/EiRqWyrG+jsLS8srpWXC9tbG5t75i7e20ZxgKTFg5ZKLoekoRRTlqKKka6kSAo8BjpeOPrqd95JELSkN+rSUScAA059SlGSkuueXDrJqRC07rdr8BK9nhI66e2a5atqpUBLhI7J2WQo+maX/1BiOOAcIUZkrJnW5FyEiQUxYykpX4sSYTwGA1JT1OOAiKdJDsghcdaGUA/FLq4gpn6eyJBgZSTwNOdAVIjOe9Nxf+8Xqz8SyehPIoV4Xj2kR8zqEI4TQMOqCBYsYkmCAuqd4V4hATCSmdW0iHY8ycvkvZZ1T6v1u5q5cZVHkcRHIIjcAJscAEa4AY0QQtgkIJn8ArejCfjxXg3PmatBSOf2Qd/YHz+AO8YlLQ=</latexit>

Me,i = 1 ,Me,j = �1
<latexit sha1_base64="OH0G8GPREWG7p+eB3Ivtu8sdsYM=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhLArQW2EoI2NEME8IBvC7ORuMu7s7GZmVghLWht/xcZCEVv/wM6/cfIoNPHAhcM593LvPV7MmdK2/W1llpZXVtey67mNza3tnfzuXl1FiaRQoxGPZNMjCjgTUNNMc2jGEkjocWh4wdXYbzyAVCwSd3oYQzskPcF8Rok2UiePbzopFIPRhe0OEtLFrh9JwjkOXAEDzIr3nXzBLtkT4EXizEgBzVDt5L/cbkSTEISmnCjVcuxYt1MiNaMcRjk3URATGpAetAwVJATVTiefjPCRUbrY3GBKaDxRf0+kJFRqGHqmMyS6r+a9sfif10q0f95OmYgTDYJOF/kJxzrC41hwl0mgmg8NIVQycyumfSIJ1Sa8nAnBmX95kdRPSs5pqXxbLlQuZ3Fk0QE6RMfIQWeogq5RFdUQRY/oGb2iN+vJerHerY9pa8aazeyjP7A+fwAPjplO</latexit>

Me,k = 0 8k 6= i, j

a

b
c

<latexit sha1_base64="x3oaTPeJMM427KtdlNAU29vWj/E="></latexit>

Aij =

0

@
0 1 1
1 0 0
1 0 0

1

A

a b c
<latexit sha1_base64="r7CB5W7n1G3MW848/hWmWAVvJKI="></latexit>

Mij =

✓
1 �1 0
1 0 �1

◆a b c
(a,b)
(a,c)

<latexit sha1_base64="OvbR/BQ7A6WC98hi3Y1Sk11McdA="></latexit>

�M>M =

0

@
�2 1 1
1 �1 0
1 0 �1

1

A

<latexit sha1_base64="c3QGSABOZOYPuwKNE4pQMjeSYKk=">AAACKnicbVDLSgMxFM3UV62vqks3wSJU0DJTi7oRWt24ESrYB3TqkEkzbZjMgyQjlGG+x42/4qYLpbj1Q0zbEbX1wIWTc+4l9x47ZFRIXR9rmaXlldW17HpuY3Nreye/u9cUQcQxaeCABbxtI0EY9UlDUslIO+QEeTYjLdu9mfitJ8IFDfwHOQxJ10N9nzoUI6kkK187NT0kB7YT3yWPpgxC+PO++qa1ZNbFvbhHUT8pupZx4lplVWfHVr6gl/Qp4CIxUlIAKepWfmT2Ahx5xJeYISE6hh7Kboy4pJiRJGdGgoQIu6hPOor6yCOiG09PTeCRUnrQCbgqX8Kp+nsiRp4QQ89WnZONxbw3Ef/zOpF0Lrsx9cNIEh/PPnIiBmUAJ7nBHuUESzZUBGFO1a4QDxBHWKp0cyoEY/7kRdIsl4zzUuW+Uqhep3FkwQE4BEVggAtQBbegDhoAg2fwCt7Au/aijbSx9jFrzWjpzD74A+3zC3qCpz4=</latexit>

�M>M = A� diag(k1, k2, k3)
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Erdős–Rényi (random network)

Network theory

Models of networks.

Given    nodes, consider all pairs and with probability                   link them.<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
<latexit sha1_base64="qqdwKqUs+oQqn9rIZ0LHUHxEvKU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtRj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49uZ336iSrNIPphJTH2Bh5KFjGBjpce4x2TZvfDO+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdKqVrzLSu2+VqrfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAyx49e</latexit>

p 2 (0, 1)

<latexit sha1_base64="he8CPIbLWTAyiX26+3vTtGFsXrQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6EGPFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCxUvO2LM7i016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPK94F5XqfbVUu87iyMMRHEMZPLiEGtxBHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPaZmOYQ==</latexit>

G(n, p)

1) The average number of links is
<latexit sha1_base64="4LCi1zpfeAUzKfU/5wQ9ksxnihI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbahSXZNsoWy7O/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7ud6ZUaRbJRzOLqS/wSLKQEWys5PcDJiORyiytZfGgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4TQr9RNNY0wmeER7lkosqPbTxdEZurDKEIWRsiUNWqi/J1IstJ6JwHYKbMZ61ZuL/3m9xIQ3fspknBgqyXJRmHBkIjRPAA2ZosTwmSWYKGZvRWSMFSbG5lSyIXirL6+Tdq3qXVXrD/VK4zaPowhncA6X4ME1NOAemtACAk/wDK/w5kydF+fd+Vi2Fpx85hT+wPn8AU6UknY=</latexit>✓
n

2

◆
p

Erdős, P.; Rényi, A. (1959). “On Random Graphs”, Publicationes Mathematicae, 6, 290–297
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Erdős–Rényi (random network)

Network theory

Models of networks.

Given    nodes, consider all pairs and with probability                   link them.<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
<latexit sha1_base64="qqdwKqUs+oQqn9rIZ0LHUHxEvKU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtRj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49uZ336iSrNIPphJTH2Bh5KFjGBjpce4x2TZvfDO+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdKqVrzLSu2+VqrfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAyx49e</latexit>

p 2 (0, 1)

<latexit sha1_base64="he8CPIbLWTAyiX26+3vTtGFsXrQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6EGPFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCxUvO2LM7i016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPK94F5XqfbVUu87iyMMRHEMZPLiEGtxBHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPaZmOYQ==</latexit>

G(n, p)

1) The average number of links is
<latexit sha1_base64="4LCi1zpfeAUzKfU/5wQ9ksxnihI=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUo2zbahSXZNsoWy7O/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7ud6ZUaRbJRzOLqS/wSLKQEWys5PcDJiORyiytZfGgXHGr7gJonXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4TQr9RNNY0wmeER7lkosqPbTxdEZurDKEIWRsiUNWqi/J1IstJ6JwHYKbMZ61ZuL/3m9xIQ3fspknBgqyXJRmHBkIjRPAA2ZosTwmSWYKGZvRWSMFSbG5lSyIXirL6+Tdq3qXVXrD/VK4zaPowhncA6X4ME1NOAemtACAk/wDK/w5kydF+fd+Vi2Fpx85hT+wPn8AU6UknY=</latexit>✓
n

2

◆
p

2) The probability to have a node with degree k is
<latexit sha1_base64="bhJ0D/aB4Yp0DtyQJhr/McoqTQ8=">AAACDHicbVDLSsNAFJ3UV62vqks3g0VoFy1JKepGKLpxWcE+oE3LZDpph0wmYWYilJAPcOOvuHGhiFs/wJ1/46TNQlsPDBzOOZc79zgho1KZ5reRW1vf2NzKbxd2dvf2D4qHRx0ZRAKTNg5YIHoOkoRRTtqKKkZ6oSDIdxjpOt5N6ncfiJA04PdqFhLbRxNOXYqR0tKoWGqVvcrVwKE88GNetZK4noRDr2xVw8owFapeolNmzZwDrhIrIyWQoTUqfg3GAY58whVmSMq+ZYbKjpFQFDOSFAaRJCHCHpqQvqYc+UTa8fyYBJ5pZQzdQOjHFZyrvydi5Es58x2d9JGaymUvFf/z+pFyL+2Y8jBShOPFIjdiUAUwbQaOqSBYsZkmCAuq/wrxFAmEle6voEuwlk9eJZ16zTqvNe4apeZ1VkcenIBTUAYWuABNcAtaoA0weATP4BW8GU/Gi/FufCyiOSObOQZ/YHz+ACfsmcw=</latexit>

P (k) =

✓
n� 1

2

◆
pk(1� p)n�1�k

3) if                 and                          then<latexit sha1_base64="l2WvP0DaFMMnbnUhCS9lG55wjRE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kUoevFYwX5AG8pmu2mXbnbj7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxPBDXret1NYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5ZAzkK1k40I3EoWCsc3U791hPThiv5gOOEBTEZSB5xStBKbZlcUyUN9soVr+rN4C4TPycVyFHvlb+6fUXTmEmkghjT8b0Eg4xo5FSwSambGpYQOiID1rFUkpiZIJvdO3FPrNJ3I6VtSXRn6u+JjMTGjOPQdsYEh2bRm4r/eZ0Uo6sg4zJJkUk6XxSlwkXlTp93+1wzimJsCaGa21tdOiSaULQRlWwI/uLLy6R5VvUvquf355XaTR5HEY7gGE7Bh0uowR3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AMQqQFQ==</latexit>

np = const
<latexit sha1_base64="tV+LSvjmRFBGnBHPc9ZN4lZEEN4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7sqPcVHYyBKxY/Y4zKEbGDXnLozB14lbkFqqEBrYH95w5imEZNABdG67zoJ+DlRwKlg04qXapYQOiEj1jdUkohpP58fP8WnRhniMFamJOC5+nsiJ5HWWRSYzojAWC97M/E/r59CeOXnXCYpMEkXi8JUYIjxLAk85IpREJkhhCpubsV0TBShYPKqmBDc5ZdXSee87l7UG3eNWvO6iKOMjtEJOkMuukRNdItaqI0oytAzekVv1pP1Yr1bH4vWklXMVNEfWJ8/P4SVKw==</latexit>

n ! 1 <latexit sha1_base64="m7WQsG/98nGYEBtQjv7Pv4sT5PQ=">AAACCnicbVDLSsNAFJ34rPUVdelmahHahSWRoi6LblxWsA9o0jKZTtohk0mYmQglZO3GX3HjQhG3foE7/8Zpm4W2HrhwOOde7r3HixmVyrK+jZXVtfWNzcJWcXtnd2/fPDhsyygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcLbqZ+54EISSN+ryYxcUM04tSnGCktDcxSsxJUHUlD6PgC4bTC42o/IP30jMdZlgalbGCWrZo1A1wmdk7KIEdzYH45wwgnIeEKMyRlz7Zi5aZIKIoZyYpOIkmMcIBGpKcpRyGRbjp7JYOnWhlCPxK6uIIz9fdEikIpJ6GnO0OkxnLRm4r/eb1E+VduSnmcKMLxfJGfMKgiOM0FDqkgWLGJJggLqm+FeIx0JEqnV9Qh2IsvL5P2ec2+qNXv6uXGdR5HARyDE1ABNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMfOYI/IHx+QM6R5oB</latexit>

P (k) ⇠ (np)ke�np

k!
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Erdős–Rényi (random network)

Network theory

Models of networks.

Given    nodes, consider all pairs and with probability                   link them.<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n
<latexit sha1_base64="qqdwKqUs+oQqn9rIZ0LHUHxEvKU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdUtRj0YvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49uZ336iSrNIPphJTH2Bh5KFjGBjpce4x2TZvfDO+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8NpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdKqVrzLSu2+VqrfZHHk4QROoQweXEEd7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gAyx49e</latexit>

p 2 (0, 1)

<latexit sha1_base64="he8CPIbLWTAyiX26+3vTtGFsXrQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdKeqx6EGPFewHtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCxUvO2LM7i016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPK94F5XqfbVUu87iyMMRHEMZPLiEGtxBHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPaZmOYQ==</latexit>

G(n, p)

<latexit sha1_base64="l2WvP0DaFMMnbnUhCS9lG55wjRE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kUoevFYwX5AG8pmu2mXbnbj7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxPBDXret1NYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5ZAzkK1k40I3EoWCsc3U791hPThiv5gOOEBTEZSB5xStBKbZlcUyUN9soVr+rN4C4TPycVyFHvlb+6fUXTmEmkghjT8b0Eg4xo5FSwSambGpYQOiID1rFUkpiZIJvdO3FPrNJ3I6VtSXRn6u+JjMTGjOPQdsYEh2bRm4r/eZ0Uo6sg4zJJkUk6XxSlwkXlTp93+1wzimJsCaGa21tdOiSaULQRlWwI/uLLy6R5VvUvquf355XaTR5HEY7gGE7Bh0uowR3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AMQqQFQ==</latexit>

np = const<latexit sha1_base64="tV+LSvjmRFBGnBHPc9ZN4lZEEN4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JIUY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7sqPcVHYyBKxY/Y4zKEbGDXnLozB14lbkFqqEBrYH95w5imEZNABdG67zoJ+DlRwKlg04qXapYQOiEj1jdUkohpP58fP8WnRhniMFamJOC5+nsiJ5HWWRSYzojAWC97M/E/r59CeOXnXCYpMEkXi8JUYIjxLAk85IpREJkhhCpubsV0TBShYPKqmBDc5ZdXSee87l7UG3eNWvO6iKOMjtEJOkMuukRNdItaqI0oytAzekVv1pP1Yr1bH4vWklXMVNEfWJ8/P4SVKw==</latexit>

n ! 1
<latexit sha1_base64="m7WQsG/98nGYEBtQjv7Pv4sT5PQ=">AAACCnicbVDLSsNAFJ34rPUVdelmahHahSWRoi6LblxWsA9o0jKZTtohk0mYmQglZO3GX3HjQhG3foE7/8Zpm4W2HrhwOOde7r3HixmVyrK+jZXVtfWNzcJWcXtnd2/fPDhsyygRmLRwxCLR9ZAkjHLSUlQx0o0FQaHHSMcLbqZ+54EISSN+ryYxcUM04tSnGCktDcxSsxJUHUlD6PgC4bTC42o/IP30jMdZlgalbGCWrZo1A1wmdk7KIEdzYH45wwgnIeEKMyRlz7Zi5aZIKIoZyYpOIkmMcIBGpKcpRyGRbjp7JYOnWhlCPxK6uIIz9fdEikIpJ6GnO0OkxnLRm4r/eb1E+VduSnmcKMLxfJGfMKgiOM0FDqkgWLGJJggLqm+FeIx0JEqnV9Qh2IsvL5P2ec2+qNXv6uXGdR5HARyDE1ABNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMfOYI/IHx+QM6R5oB</latexit>

P (k) ⇠ (np)ke�np

k!

<latexit sha1_base64="MXejoNbhHRs8vwsu4qTAvwPTvqg=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIdVMSKepGKLpxWcFeoAlhMp20Q2YmYWYilNClG1/FjQtF3PoI7nwbp20W2vrDwMd/zuHM+cOUUaUd59taWl5ZXVsvbZQ3t7Z3du29/bZKMolJCycskd0QKcKoIC1NNSPdVBLEQ0Y6YXwzqXceiFQ0Efd6lBKfo4GgEcVIGyuwjzyGxIARGENPzujKUxkPYhg3q/FpYFecmjMVXAS3gAoo1AzsL6+f4IwToTFDSvVcJ9V+jqSmmJFx2csUSRGO0YD0DArEifLz6SFjeGKcPowSaZ7QcOr+nsgRV2rEQ9PJkR6q+drE/K/Wy3R06edUpJkmAs8WRRmDOoGTVGCfSoI1GxlAWFLzV4iHSCKsTXZlE4I7f/IitM9q7nmtflevNK6LOErgEByDKnDBBWiAW9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+CPrM8f9DiYqA==</latexit>

hki =
X

k

kP (k)
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Network theory

Models of networks.
Watts–Strogatz (random network with small world property)

Distance among two nodes = number of “hops” needed to connect them
<latexit sha1_base64="SaCGMft5L1bL5SuYgqmTmk+ymuI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaUDbbSbt2Nwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BE2DDcC24lCKgOBrWB0M/VbT6g0j6N7M07Ql3QQ8ZAzaqz00EUhehl/nPTKFbfqzkCWiZeTCuSo98pf3X7MUomRYYJq3fHcxP gZVYYzgZNSN9WYUDaiA+xYGlGJ2s9mB0/IiVX6JIyVrciQmfp7IqNS67EMbKekZqgXvan4n9dJTXjlZzxKUoMRmy8KU0FMTKbfkz5XyIwYW0KZ4vZWwoZUUWZsRiUbgrf48jJpnlW9i+r53Xmldp3HUYQjOIZT8OASanALdWgAAwnP8ApvjnJenHfnY95acPKZQ/gD5/MHHQSQoA==</latexit>

`ij

Average shortest path : 
<latexit sha1_base64="mfWEmHoz5kmUgNn7JWYhTekhK2A=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6sCRS1I1QdKHLCvYBTQiT6Y2OnUzizEQoIX/hxl9x40IRt7rzb5ymXfg6MHA451zu3BMknClt25/W1PTM7Nx8aaG8uLS8slpZW2+rOJUUWjTmsewGRAFnAlqaaQ7dRAKJAg6dYHA68jt3IBWLxaUeJuBF5EqwkFGijeRXai5w7p8du6EkNHPyTOyIPWc3d1Ua+RlzBdzim7wIZewm9ytVu2YXwH+JMyFVNEHTr3y4/ZimEQhNOVGq59iJ9jIiNaMc8rKbKkgIHZAr6BkqSATKy4q7crxtlD4OY2me0LhQv09kJFJqGAUmGRF9rX57I/E/r5fq8MjLmEhSDYKOF4UpxzrGo5Jwn0mgmg8NIVQy81dMr4lpSJsqy6YE5/fJf0l7v+Yc1OoX9WrjZFJHCW2iLbSDHHSIGugcNVELUXSPHtEzerEerCfr1XobR6esycwG+gHr/Qs19p/+</latexit>

`G =
1

n(n� 1)

X

i 6=j

`ij

Complete network
<latexit sha1_base64="8gViY2fG5cRTJXjiavCmdQI6D/w=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IMeI5gHJEuYnXSSIbOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RYqdVBIbq3V163WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10du+EnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLT50mPK2RGjC2hTHF7K2FDqigzNqKCDcFbfHmZNM7K3nm5cl8pVa+zOPJwBMdwCh5cQBXuoAZ1YCDgGV7hzXl0Xpx352PemnOymUP4A+fzB07Cj4A=</latexit>

`G = 1

d-dimensional lattice (n nodes)
<latexit sha1_base64="GymSQmdxM5QK0CDQsj/0/INkDL8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiZS1GXRhS4r2Ac0MUwmk3bozCTMTMQS8ituXCji1h9x5984fSy09cCFwzn3cu89Ycqo0o7zbZVWVtfWN8qbla3tnd09e7/aUUkmMWnjhCWyFyJFGBWkralmpJdKgnjISDccXU/87iORiibiXo9T4nM0EDSmGGkjBXbVI4wFN56iHIqH3D2NisCuOXVnCrhM3DmpgTlagf3lRQnOOBEaM6RU33VS7edIaooZKSpepkiK8AgNSN9QgThRfj69vYDHRolgnEhTQsOp+nsiR1ypMQ9NJ0d6qBa9ifif1890fOnnVKSZJgLPFsUZgzqBkyBgRCXBmo0NQVhScyvEQyQR1iauignBXXx5mXTO6u55vXHXqDWv5nGUwSE4AifABRegCW5BC7QBBk/gGbyCN6uwXqx362PWWrLmMwfgD6zPH0Vlk/Q=</latexit>

`G ⇠ n1/d

Erdős–Rényi (n,p)
<latexit sha1_base64="ZeY+2M5fYNyd8EgW0z5gLTHvwQY=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LLnRZwT6gM5RMmmlD8xiSjFCG+QA3/oobF4q49QPc+Tem7Sy09UDI4ZxzSe4JY0a1cd1vp7Cyura+UdwsbW3v7O6V9w/aWiYKkxaWTKpuiDRhVJCWoYaRbqwI4iEjnXB8PfU7D0RpKsW9mcQk4GgoaEQxMlbqlys+Yax/42vKoR8phFOfySEU2fyuivg0sym35s4Al4mXkwrI0eyXv/yBxAknwmCGtO55bmyCFClDMSNZyU80iREeoyHpWSoQJzpIZ8tk8MQqAxhJZY8wcKb+nkgR13rCQ5vkyIz0ojcV//N6iYkug5SKODFE4PlDUcKgkXDaDBxQRbBhE0sQVtT+FeIRspUY21/JluAtrrxM2mc177xWv6tXGld5HUVwBI5BFXjgAjTALWiCFsDgETyDV/DmPDkvzrvzMY8WnHzmEPyB8/kDNjWbFw==</latexit>

`G ⇠ log n

log(np)



www.unamur.be timoteo.carletti@unamur.be

Network theory

Models of networks.
Watts–Strogatz (random network with small world property)

Let      be the actual number of links between the neighbours of node i<latexit sha1_base64="A3MAO5GrU3jlBqCvlNxgS2sZY/8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHkyXoR3QoecgZNVZ6yPq8X664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGn1BlOBM4LfVSjQllYzrErqWSRqj9yfzUKTmzyoCEsbIlDZmrvycmNNI6iwLbGVEz0sveTPzP66YmvPYnXCapQckWi8JUEBOT2d9kwBUyIzJLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBlBI3i</latexit>yi

the (local) clustering coefficient is
<latexit sha1_base64="iTZFKHTqFSZbfFGH224+fiY4REs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUhTUpRd0IxW5cVrAPaEOYTCft0MkkzEyEELJx46+4caGIW//BnX/jtM1CWw9cOJxzL/fe40WMSmVZ38bS8srq2npho7i5tb2za+7tt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjjRsTv/NAhKQhv1dJRJwADTn1KUZKS6551HDpdd8XCKeJS7N07NKyrjP79LyauWbJqlhTwEVi56QEcjRd86s/CHEcEK4wQ1L2bCtSToqEopiRrNiPJYkQHqMh6WnKUUCkk06/yOCJVgbQD4UuruBU/T2RokDKJPB0Z4DUSM57E/E/rxcr/8pJKY9iRTieLfJjBlUIJ5HAARUEK5ZogrCg+laIR0hHonRwRR2CPf/yImlXK/ZFpXZXK9Vv8jgK4BAcgzKwwSWog1vQBC2AwSN4Bq/gzXgyXox342PWumTkMwfgD4zPHyQtl7M=</latexit>

Ci =
yi

ki(ki � 1)/2
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Network theory

Models of networks.
Watts–Strogatz (random network with small world property)

<latexit sha1_base64="iTZFKHTqFSZbfFGH224+fiY4REs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUhTUpRd0IxW5cVrAPaEOYTCft0MkkzEyEELJx46+4caGIW//BnX/jtM1CWw9cOJxzL/fe40WMSmVZ38bS8srq2npho7i5tb2za+7tt2UYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjjRsTv/NAhKQhv1dJRJwADTn1KUZKS6551HDpdd8XCKeJS7N07NKyrjP79LyauWbJqlhTwEVi56QEcjRd86s/CHEcEK4wQ1L2bCtSToqEopiRrNiPJYkQHqMh6WnKUUCkk06/yOCJVgbQD4UuruBU/T2RokDKJPB0Z4DUSM57E/E/rxcr/8pJKY9iRTieLfJjBlUIJ5HAARUEK5ZogrCg+laIR0hHonRwRR2CPf/yImlXK/ZFpXZXK9Vv8jgK4BAcgzKwwSWog1vQBC2AwSN4Bq/gzXgyXox342PWumTkMwfgD4zPHyQtl7M=</latexit>

Ci =
yi

ki(ki � 1)/2 i<latexit sha1_base64="Fm8fVjg+bubuGNVuXwCKHdh4B1A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9C0YvHCqYW2lA22027dHcTdjdCCP0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NFxqgj1Scxj1Q2xppxJ6htmOO0mimIRcvoYTm5n/uMTVZrF8sFkCQ0EHkkWMYKNlfxswK4bg2rNrbtzoFXiFaQGBdqD6ld/GJNUUGkIx1r3PDcxQY6VYYTTaaWfappgMsEj2rNUYkF1kM+PnaIzqwxRFCtb0qC5+nsix0LrTIS2U2Az1sveTPzP66UmugpyJpPUUEkWi6KUIxOj2edoyBQlhmeWYKKYvRWRMVaYGJtPxYbgLb+8SjqNundRb943a62bIo4ynMApnIMHl9CCO2iDDwQYPMMrvDnSeXHenY9Fa8kpZo7hD5zPH1ngjmU=</latexit>

yi = 2

<latexit sha1_base64="XqGZk5/2sjg8AsfSYEeyv4dKTuw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/FGP39R65Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSfOi6l1Waw+1Sv02j6MIJ3AK5+DBFdThHhrgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB0d4jlk=</latexit>

ki = 4

<latexit sha1_base64="7ldNqw7evuuSINnTCYKuo4gJtck=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiZtUTdCsRuXFewDmhAm00k7dDIJMxOhhHyBG3/FjQtF3Lp25984bbPQ1gMXDufcy733+DGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrowSgUkHRywSfR9JwignHUUVI/1YEBT6jPT8SWvm9x6IkDTi92oaEzdEI04DipHSkmdWWh69dgKBcFrL0oajaEgkrJ/Xsly1s7SeeWbZqlpzwFVi56QMcrQ988sZRjgJCVeYISkHthUrN0VCUcxIVnISSWKEJ2hEBppypLe66fydDFa0MoRBJHRxBefq74kUhVJOQ193hkiN5bI3E//zBokKrtyU8jhRhOPFoiBhUEVwlg0cUkGwYlNNEBZU3wrxGOkUlE6wpEOwl19eJd1a1b6oNu4a5eZNHkcRnIBTcAZscAma4Ba0QQdg8AiewSt4M56MF+Pd+Fi0Fox85hj8gfH5AwE6m3c=</latexit>

Ci =
2

4⇥ 3/2
=

1

3

the clustering coefficient is
<latexit sha1_base64="Ed5gHVB5ywVYgheGwKEiiAhgZVY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIUTdCsQtdVrAPaEKYTCft0JlJmJkIJcSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccNSZ+54FIRWNxr8cJ8TkaCBpRjLSRAvuwEdxceZFEOHPzTOSeSnlAGwEN7IpTdaaAi8QtSAUUaAb2l9ePccqJ0JghpXquk2g/Q1JTzEhe9lJFEoRHaEB6hgrEifKz6Qc5PDFKH0axNCU0nKq/JzLElRrz0HRypIdq3puI/3m9VEeXfkZFkmoi8GxRlDKoYziJA/apJFizsSEIS2puhXiITBzahFY2IbjzLy+S9lnVPa/W7mqV+nURRwkcgWNwClxwAergFjRBC2DwCJ7BK3iznqwX6936mLUuWcXMAfgD6/MHU52W1Q==</latexit>

CG =
1

n

X

i

Ci

That is, the number of triangles among all the possible ones
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Network theory

Models of networks.
Watts–Strogatz (random network with small world property)

Watts, D. J.; Strogatz, S. H. (1998). “Collective dynamics of 'small-world' networks”, Nature, 393 (6684): 440–
442.
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Network theory

Models of networks.
Watts–Strogatz (random network with small world property)

Small distance but large 
clustering (as in lattices)
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Network theory

Models of networks.
Barabási - Albert (random network with scale free property)
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Network theory

Models of networks.
Barabási - Albert (random network with scale free property)

1) Start with m nodes connected among them

2) At each time step add 1 new node with a new link to existing nodes

3) Preferential attachement : the new node will select existing nodes 
according to their degree

<latexit sha1_base64="0woITpzTwUfKkaktf+GLeS5GQsA="></latexit>

P (new node ! i) =
kiP
j kj

Barabási, A.; Albert, R. (1999), “Emergence of scaling in random networks”, Science, 286 (5439): 509–512.
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Network theory

Models of networks.
Barabási - Albert (random network with scale free property)

In the limit of large networks one has
<latexit sha1_base64="iRWhhCzreaJS4gKTTYxDsLhwAWk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkWtRl0Y3LCvYBTSyT6aQdOjMJMxOhxCz8FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nuCmFGlHefbKiwtr6yuFddLG5tb2zv27l5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0PfHbD0QqGok7PY6Jz9FA0JBipI3Usw8aldGJpyiHXigRTt0sHd2fZT277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0/gweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iw0s/pSJONBF4tihMGNQRnIQB+1QSrNnYEIQlNbdCPEQmB20iK5kQ3PmXF0nrtOqeV2u3tXL9Ko+jCA7BEagAF1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5mrQUrn9kHf2B9/gD76ZV2</latexit>

P (k) ⇠ 1

k3
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Network theory

Models of networks.
Barabási - Albert (random network with scale free property)

In the limit of large networks one has
<latexit sha1_base64="iRWhhCzreaJS4gKTTYxDsLhwAWk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkWtRl0Y3LCvYBTSyT6aQdOjMJMxOhxCz8FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nuCmFGlHefbKiwtr6yuFddLG5tb2zv27l5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0PfHbD0QqGok7PY6Jz9FA0JBipI3Usw8aldGJpyiHXigRTt0sHd2fZT277FSdKeAicXNSBjkaPfvL60c44URozJBSXdeJtZ8iqSlmJCt5iSIxwiM0IF1DBeJE+en0/gweG6UPw0iaEhpO1d8TKeJKjXlgOjnSQzXvTcT/vG6iw0s/pSJONBF4tihMGNQRnIQB+1QSrNnYEIQlNbdCPEQmB20iK5kQ3PmXF0nrtOqeV2u3tXL9Ko+jCA7BEagAF1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5mrQUrn9kHf2B9/gD76ZV2</latexit>

P (k) ⇠ 1

k3

A network for which                        is called scale free
<latexit sha1_base64="9YarUDn8c7mI23mQBJtrYsyTzoY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRS1GXRjcsK9gFNLJPppB0yMwkzE6GELNz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfcECaNKO863tbK6tr6xWdoqb+/s7u3bB4cdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPoeup3H4hUNBZ3epIQn6ORoCHFSBtpYFdatejUU5RDL5QIZ26eRffeCHGO8oFdderODHCZuAWpggKtgf3lDWOcciI0Zkipvusk2s+Q1BQzkpe9VJEE4QiNSN9QgThRfjZ7IocnRhnCMJamhIYz9fdEhrhSEx6YTo70WC16U/E/r5/q8NLPqEhSTQSeLwpTBnUMp4nAIZUEazYxBGFJza0Qj5EJQ5vcyiYEd/HlZdI5q7vn9cZto9q8KuIogQo4BjXgggvQBDegBdoAg0fwDF7Bm/VkvVjv1se8dcUqZo7AH1ifPyzll9Q=</latexit>

P (k) ⇠ 1

k�
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Network theory

Models of networks.
Scale free network

<latexit sha1_base64="9YarUDn8c7mI23mQBJtrYsyTzoY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRS1GXRjcsK9gFNLJPppB0yMwkzE6GELNz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfcECaNKO863tbK6tr6xWdoqb+/s7u3bB4cdFacSkzaOWSx7AVKEUUHammpGeokkiAeMdIPoeup3H4hUNBZ3epIQn6ORoCHFSBtpYFdatejUU5RDL5QIZ26eRffeCHGO8oFdderODHCZuAWpggKtgf3lDWOcciI0Zkipvusk2s+Q1BQzkpe9VJEE4QiNSN9QgThRfjZ7IocnRhnCMJamhIYz9fdEhrhSEx6YTo70WC16U/E/r5/q8NLPqEhSTQSeLwpTBnUMp4nAIZUEazYxBGFJza0Qj5EJQ5vcyiYEd/HlZdI5q7vn9cZto9q8KuIogQo4BjXgggvQBDegBdoAg0fwDF7Bm/VkvVjv1se8dcUqZo7AH1ifPyzll9Q=</latexit>

P (k) ⇠ 1

k�

If                        then
<latexit sha1_base64="Dsq2owUZsUS94rxPAIRqqclwHM4=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lqUQ8eil48VrAf0ISy2W7apbtJ3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQz9duPVCoWR/d6nFBf4EHEQkawNlLPLlWvvAEWAiOP0wd01rPLTsWZAS0TNydlyNHo2V9ePyapoJEmHCvVdZ1E+xmWmhFOJ0UvVTTBZIQHtGtohAVVfjY7fIJOjNJHYSxNRRrN1N8TGRZKjUVgOgXWQ7XoTcX/vG6qw0s/Y1GSahqR+aIw5UjHaJoC6jNJieZjQzCRzNyKyBBLTLTJqmhCcBdfXiatasU9r9TuauX6dR5HAY7gGE7BhQuowy00oAkEUniGV3iznqwX6936mLeuWPnMIfyB9fkDM9iSKA==</latexit>

2 < �  3

If                        then

<latexit sha1_base64="FW9OSkj0vSpBYpe7S28OIhoa/EU=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqzIioC0XRjcsK9gGdWjLpnRqayQzJHbEM/Rw3/oobEUW69UtMH4paDwQO55zLzT1BIoVB1+07U9Mzs3PzC4u5peWV1bX8+kbFxKnmUOaxjHUtYAakUFBGgRJqiQYWBRKqQedi4FfvQBsRq2vsJtCIWFuJUHCGVmrmT33JVFsC7fh6RI59oULsUh/hHjPKVIv2vkM3e1+xk1GsmS+4RXcIOkm8MSmQMUrN/IvfinkagUIumTF1z02wkTGNgkvo5fzUQMJ4h7WhbqliEZhGNjy0R3es0qJhrO1TSIfqz4mMRcZ0o8AmI4a35q83EP/z6imGR41MqCRFUHy0KEwlxZgOWqMtoYGj7FrCuBb2r5TfMs042m5ztgTv78mTpLJX9A6K+1f7hbPzcR0LZItsk13ikUNyRi5JiZQJJw/kibySN+fReXbenf4oOuWMZzbJLzgfn/MTpok=</latexit>

hki < 1 and hk2i = 1
<latexit sha1_base64="766EfOTeIcnv+tpRMS5LqAev9Zc=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqzJSiLgSLblwq2Cp0asmkd9rQTGZI7ohl6Oe48VfciCjSrV9i+kC09UDgcM653NwTJFIYdN2BMze/sLi0vLKaW1vf2NzKb+/UTJxqDlUey1jfBcyAFAqqKFDCXaKBRYGE26B7MfRvH0AbEasb7CXQiFhbiVBwhlZq5s98yVRbAu36ekxOfaFC7FEf4REzylSL9n9C96WpWDNfcIvuCHSWeBNSIBNcNfNvfivmaQQKuWTG1D03wUbGNAouoZ/zUwMJ413WhrqlikVgGtno0D49sEqLhrG2TyEdqb8nMhYZ04sCm4wYdsy0NxT/8+ophieNTKgkRVB8vChMJcWYDlujLaGBo+xZwrgW9q+Ud5hmHG23OVuCN33yLKmVit5RsXxdLlTOJ3WskD2yTw6JR45JhVySK1IlnDyRF/JOPpxn59X5dAbj6Jwzmdklf+B8fQPxiaaI</latexit>

hki < 1 and hk2i < 1
<latexit sha1_base64="Vqc6RWfMZo7NCAnqAJ7HDUVLMUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexqUE8S9OIxgnlIsoTeySQZMrO7zMwKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0lirI6jUSkWgFqJnjI6oYbwVqxYigDwZrB6HbqN5+Y0jwKH8w4Zr7EQcj7nKKx0mNngFIiuT7vFktu2Z2BLBMvIyXIUOsWvzq9iCaShYYK1LrtubHxU1SGU8EmhU6iWYx0hAPWtjREybSfzg6ekBOr9Eg/UrZCQ2bq74kUpdZjGdhOiWaoF72p+J/XTkz/yk95GCeGhXS+qJ8IYiIy/Z70uGLUiLElSBW3txI6RIXU2IwKNgRv8eVl0jgrexflyn2lVL3J4sjDERzDKXhwCVW4gxrUgYKEZ3iFN0c5L8678zFvzTnZzCH8gfP5A9wXj80=</latexit>

� > 3

<latexit sha1_base64="D9hY44lSzgAaFExQUXc3I4jU/0I="></latexit>

hki =
Z kmax

kmin

k1��dk ⇠
Z 1

1
k1��dk
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Network theory

Given the degree sequence                        reconstruct the network 
that exhibits such degrees

Models of networks.
Configuration model

<latexit sha1_base64="Ma5dAZlo4/DVWZDcLAvhydsIZNE=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclDIjRV0W3bisYB/QjkMmTdvQTGZI7iil9D/cuFDErf/izr8xbWehrQcCh3Pu4d6cMJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6SGS6F4HQVK3ko0p1EoeTMc3kz95iPXRsTqHkcJ9yPaV6InGEUrPQwDr9TpxmhKZBiooFB0y+4MZJl4GSlChlpQ+LJhlkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs6sn5NQqXdKLtX0KyUz9nRjTyJhRFNrJiOLALHpT8T+vnWLvyh8LlaTIFZsv6qWSYEymFZCu0JyhHFlCmRb2VsIGVFOGtqi8LcFb/PIyaZyXvYty5a5SrF5ndeTgGE7gDDy4hCrcQg3qwEDDM7zCm/PkvDjvzsd8dMXJMkfwB87nD2bZkdA=</latexit>

k1, . . . , kn
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Community detection

Network theory

Group of node tightly connected among them and weakly 
connected with the rest of the network.
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Community detection

Network theory

Group of node tightly connected among them and weakly 
connected with the rest of the network.

Communities allow to “simplify” the network structure

Communities allow to “better” understand the network dynamics
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Dynamical Systems on Network
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them? 


What can be said about the global behaviour?


Are there some new emergent properties?
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them? 

Coupling means interaction and interaction implies exchange.

Agents can thus move around the network (i.e., diffuse) 


or they can stick on nodes and exchange “signals”.
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

Agents can thus move around the network (i.e., diffuse) 


or they can stick on nodes and exchange “signals”.

Diffusive (like) coupling

Adjacency coupling
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Dynamical Systems on Network

Assume to have n copies of the same dynamical system
<latexit sha1_base64="JsuYXH4hU4ZtRgvXp7LMpFbwcj4=">AAACC3icbZDLSsNAFIYnXmu9RV26CS1C3ZREiroRim5cVrAXaEuYTCft0MkkzJwUS8jeja/ixoUibn0Bd76N0zQLbf1h4OM/58zM+b2IMwW2/W2srK6tb2wWtorbO7t7++bBYUuFsSS0SUIeyo6HFeVM0CYw4LQTSYoDj9O2N76Z1dsTKhULxT1MI9oP8FAwnxEM2nLNUm8QQtKbUJI8pKnLrjL000puuezUNct21c5kLYOTQxnlarjml76UxAEVQDhWquvYEfQTLIERTtNiL1Y0wmSMh7SrUeCAqn6S7ZJaJ9oZWH4o9RFgZe7viQQHSk0DT3cGGEZqsTYz/6t1Y/Av+wkTUQxUkPlDfswtCK1ZMNaASUqATzVgIpn+q0VGWGICOr6iDsFZXHkZWmdV57xau6uV69d5HAV0jEqoghx0geroFjVQExH0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHOzabzQ==</latexit>

~̇xi = ~f(~xi)

How to couple them? 


What can be said about the global behaviour?


Are there some new emergent properties?
Assuming the isolated systems 


do synchronise  / converge to some equilibrium value, 

does the coupled system do the same?
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Dynamical Systems on Network

Diffusive coupling



www.unamur.be timoteo.carletti@unamur.be

Interactions occur at each node.  Diffusion occurs across edges.

Metapopulation models

e.g. in the framework of ecology:

May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Dynamical Systems on Network
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Dynamical Systems on Network

Assume each isolated system converges to the same stable 
stationary equilibrium

Assume a diffusive coupling

<latexit sha1_base64="OsxEqyOqGGuonDrZjFQ2bFWr36s="></latexit>

lim
t!1

~xi(t) = ~x⇤
i 8i

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
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Dynamical Systems on Network

Assume each isolated system converges to the same stable 
stationary equilibrium

Assume a diffusive coupling

is the (combinatorial) Laplace matrix
<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="OsxEqyOqGGuonDrZjFQ2bFWr36s="></latexit>

lim
t!1

~xi(t) = ~x⇤
i 8i

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
<latexit sha1_base64="QDW6foHR1XETaNt6PfXrra3Qqcg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTcWBIp6qZQdeOygn1AE8JkOm2nnUnCzKRYQr7Ajb/ixoUibl2782+cthG09cCFM+fcy9x7/IhRqSzry1haXlldW89t5De3tnd2zb39hgxjgUkdhywULR9JwmhA6ooqRlqRIIj7jDT94fXEb46IkDQM7tQ4Ii5HvYB2KUZKS55ZrDgy5t4AXnoJHaTOiODkPvUGJ0OP/jxoxTMLVsmaAi4SOyMFkKHmmZ9OJ8QxJ4HCDEnZtq1IuQkSimJG0rwTSxIhPEQ90tY0QJxIN5mek8KiVjqwGwpdgYJT9fdEgriUY+7rTo5UX857E/E/rx2r7oWb0CCKFQnw7KNuzKAK4SQb2KGCYMXGmiAsqN4V4j4SCCudYF6HYM+fvEgapyX7rFS+LReqV1kcOXAIjsAxsME5qIIbUAN1gMEDeAIv4NV4NJ6NN+N91rpkZDMH4A+Mj2/lEZyq</latexit>

=
X

j

Aij~xj � ki~xi =

<latexit sha1_base64="U1r5wicYb4tTHvHn4CAfQXJtpRg="></latexit>

=
X

j

(Aij � ki�ij) ~xj =:
X

j

Lij~xj
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<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
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<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="b109Mz9WgFYs4mj6UQAZi9YOmyM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKuhGKbly4qGAf0IQwmUzaaWcmcWYilNCdG3/FjQtF3PoL7vwbp4+Fth64cDjnXu69J0wZVdpxvq2FxaXlldXCWnF9Y3Nr297Zbagkk5jUccIS2QqRIowKUtdUM9JKJUE8ZKQZ9q9GfvOBSEUTcacHKfE56ggaU4y0kQL7wFMZD3rwJshpb3jhePcZiqAXJxIxBmlgl5yyMwacJ+6UlMAUtcD+8qIEZ5wIjRlSqu06qfZzJDXFjAyLXqZIinAfdUjbUIE4UX4+/mMIj4wSQbPblNBwrP6eyBFXasBD08mR7qpZbyT+57UzHZ/7ORVpponAk0VxxqBO4CgUGFFJsGYDQxCW1NwKcRdJhLWJrmhCcGdfnieNk7J7Wq7cVkrVy2kcBbAPDsExcMEZqIJrUAN1gMEjeAav4M16sl6sd+tj0rpgTWf2wB9Ynz87CJjp</latexit>X

j

Lij = 0 8i

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n
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<latexit sha1_base64="Msu+jDjyONd9Rqbj+bwyJLsL8Yw=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahQi1JKepGqLpx4aKCvUBbwmQ6aYfMTMLMRCgh7+HGV3HjQhFXggvfxmkbQVt/GPj4zznMOb8XUSKVbX8ZC4tLyyurubX8+sbm1ra5s9uUYSwQbqCQhqLtQYkp4bihiKK4HQkMmUdxywuuxvXWPRaShPxOjSLcY3DAiU8QVNpyzUqXQTX0/OQmPf/Bi/R4goIlfQIHaTFwnVK3HypZClx+5JoFu2xPZM2Dk0EBZKq75oceRjHDXCEKpew4dqR6CRSKIIrTfDeWOIIogAPc0cghw7KXTG5LrUPt9C0/FPpxZU3c3xMJZFKOmKc7xzvL2drY/K/WiZV/1ksIj2KFOZp+5MfUUqE1DsrqE4GRoiMNEAmid7XQEAqIlI4zr0NwZk+eh2al7JyUq7fVQu0yiyMH9sEBKAIHnIIauAZ10AAIPIAn8AJejUfj2Xgz3qetC0Y2swf+yPj8Bk1poY8=</latexit>

L = A� diag(k1, . . . , kn)

<latexit sha1_base64="b109Mz9WgFYs4mj6UQAZi9YOmyM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKuhGKbly4qGAf0IQwmUzaaWcmcWYilNCdG3/FjQtF3PoL7vwbp4+Fth64cDjnXu69J0wZVdpxvq2FxaXlldXCWnF9Y3Nr297Zbagkk5jUccIS2QqRIowKUtdUM9JKJUE8ZKQZ9q9GfvOBSEUTcacHKfE56ggaU4y0kQL7wFMZD3rwJshpb3jhePcZiqAXJxIxBmlgl5yyMwacJ+6UlMAUtcD+8qIEZ5wIjRlSqu06qfZzJDXFjAyLXqZIinAfdUjbUIE4UX4+/mMIj4wSQbPblNBwrP6eyBFXasBD08mR7qpZbyT+57UzHZ/7ORVpponAk0VxxqBO4CgUGFFJsGYDQxCW1NwKcRdJhLWJrmhCcGdfnieNk7J7Wq7cVkrVy2kcBbAPDsExcMEZqIJrUAN1gMEjeAav4M16sl6sd+tj0rpgTWf2wB9Ynz87CJjp</latexit>X

j

Lij = 0 8i

<latexit sha1_base64="bIf+ihLyFL9ef0+sgK6Mcq+LHjU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIqW6EohsXLirYB7RDyaSZNm0mMyaZQhnmO9y4UMStH+POvzFtZ6GtBy73cM695OZ4EWdK2/a3lVtb39jcym8Xdnb39g+Kh0dNFcaS0AYJeSjbHlaUM0EbmmlO25GkOPA4bXnj25nfmlCpWCge9TSiboAHgvmMYG0k976XsFF6bdqIpb1iyS7bc6BV4mSkBBnqveJXtx+SOKBCE46V6jh2pN0ES80Ip2mhGysaYTLGA9oxVOCAKjeZH52iM6P0kR9KU0Kjufp7I8GBUtPAM5MB1kO17M3E/7xOrP0rN2EiijUVZPGQH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLX14lzYuyUy1XHiql2k0WRx5O4BTOwYFLqMEd1KEBBJ7gGV7hzZpYL9a79bEYzVnZzjH8gfX5A98Zki4=</latexit>

Lij = Lji

Non-positive definite

Diagonalisable and with real eigenvalues<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n

<latexit sha1_base64="DJHNdjBWfo4Qjl33LgzMrMdp3Lo="></latexit>

�M>M = A� diag(k1, k2, k3) = L

<latexit sha1_base64="xQ18RPkxDESh3gZ3ZPDx5B5oH3k=">AAACUXicdVHLSgMxFL0dX7X1UXXpZrAILWiZkaJuhKIbFwoV7AM6bcmkGSc0MxOSjFCG+UUXuvI/3LhQTB+gtnohcHLOPdybE5czKpVlvWaMpeWV1bXsei6/sbm1XdjZbcooFpg0cMQi0XaRJIyGpKGoYqTNBUGBy0jLHV6N9dYjEZJG4b0acdIN0ENIPYqR0lS/4Jcc7tNeUnIQ4z4qp0dOgJTveslNOqeUL47/bb5Ne46K+Pd1wdsvFK2KNSlzEdgzUIRZ1fuFZ2cQ4TggocIMSdmxLa66CRKKYkbSnBNLwhEeogfS0TBEAZHdZJJIah5qZmB6kdAnVOaE/elIUCDlKHB153hlOa+Nyb+0Tqy8825CQx4rEuLpIC9mporMcbzmgAqCFRtpgLCgelcT+0ggrPQn5HQI9vyTF0HzpGKfVqp31WLtchZHFvbhAEpgwxnU4Brq0AAMT/AGH/CZecm8G2AY01YjM/Pswa8y8l9/2bRF</latexit>

(�(↵),L�(↵)) = �(�(↵),M>M�(↵)) =
<latexit sha1_base64="cSMz+FA9+ePf3Bui96R/kyFZWq4="></latexit>

= �(M>�(↵),M�(↵)) = �||M�(↵)||2  0
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Dynamical Systems on Network

Diffusion coefficients
<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Under which conditions on the network, i.e., on  , we can 
destabilise the equilibrium      ?

<latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

Let us observe that      is also a solution of the coupled systems
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

because
<latexit sha1_base64="7Pd1cX7yYhAHnuu8ViRxscAsdRo=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjFRUmkqBuh6MaFiwr2AU0Mk8mknXbycGZSLCG/4MZfceNCEbfu3Pk3TtsstPXAhcM593LvPW7MqJCG8a0tLC4tr6wW1orrG5tb2/rOblNECcekgSMW8baLBGE0JA1JJSPtmBMUuIy03MHl2G8NCRc0Cm/lKCZ2gLoh9SlGUkmOXrZEEjj9ayel/cwaEpw+ZE7/7ujcgNZ9gjzLjzhiDFJHLxkVYwI4T8yclECOuqN/WV6Ek4CEEjMkRMc0YmmniEuKGcmKViJIjPAAdUlH0RAFRNjp5KMMHirFg2q3qlDCifp7IkWBEKPAVZ0Bkj0x643F/7xOIv0zO6VhnEgS4ukiP2FQRnAcD/QoJ1iykSIIc6puhbiHOMJShVhUIZizL8+T5nHFPKlUb6ql2kUeRwHsgwNQBiY4BTVwBeqgATB4BM/gFbxpT9qL9q59TFsXtHxmD/yB9vkDqlqdiA==</latexit>X

j

Lij~x
⇤
j = 0 8i
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Dynamical Systems on Network

Diffusion coefficients
<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Under which conditions on the network, i.e., on  , we can 
destabilise the equilibrium      ?

<latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

Let us observe that      is also a solution of the coupled systems
<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

because

This is the celebrated Turing instability phenomenon

<latexit sha1_base64="7Pd1cX7yYhAHnuu8ViRxscAsdRo=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjFRUmkqBuh6MaFiwr2AU0Mk8mknXbycGZSLCG/4MZfceNCEbfu3Pk3TtsstPXAhcM593LvPW7MqJCG8a0tLC4tr6wW1orrG5tb2/rOblNECcekgSMW8baLBGE0JA1JJSPtmBMUuIy03MHl2G8NCRc0Cm/lKCZ2gLoh9SlGUkmOXrZEEjj9ayel/cwaEpw+ZE7/7ujcgNZ9gjzLjzhiDFJHLxkVYwI4T8yclECOuqN/WV6Ek4CEEjMkRMc0YmmniEuKGcmKViJIjPAAdUlH0RAFRNjp5KMMHirFg2q3qlDCifp7IkWBEKPAVZ0Bkj0x643F/7xOIv0zO6VhnEgS4ukiP2FQRnAcD/QoJ1iykSIIc6puhbiHOMJShVhUIZizL8+T5nHFPKlUb6ql2kUeRwHsgwNQBiY4BTVwBeqgATB4BM/gFbxpT9qL9q59TFsXtHxmD/yB9vkDqlqdiA==</latexit>X

j

Lij~x
⇤
j = 0 8i
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<latexit sha1_base64="xAV0BMofCiM2czzkRLWqzgxYOZw="></latexit>

~̇xi = ~f(~xi) +D
X

j

Lij~xj 8i

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤

We have to show that

is stable for (decoupled systems)

<latexit sha1_base64="Q1dvHF8wQxgyvMs+FFHHoduKaFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsh7VqyabYNTbJLki2Wpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5up3xxRpVkk7804pr7AfclCRrCx0kNnREn6NHk86xZLbtmdAS0TLyMlyFDrFr86vYgkgkpDONa67b mx8VOsDCOcTgqdRNMYkyHu07alEguq/XR28ASdWKWHwkjZkgbN1N8TKRZaj0VgOwU2A73oTcX/vHZiwis/ZTJODJVkvihMODIRmn6PekxRYvjYEkwUs7ciMsAKE2MzKtgQvMWXl0njvOxdlCt3lVL1OosjD0dwDKfgwSVU4RZqUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w/TVJBv</latexit>

~x⇤ is unstable for (coupled systems)

<latexit sha1_base64="Cj7y8+Q02nYpStdSsUy3YJVWqDE=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Wom5KUom6EohuXFewDmhAmk0k7dPJwZlIsIf/hxl9x40IRV4IL/8ZpmoW2Hhg4nHMvZ+5xY0aFNIxvrbSyura+Ud6sbG3v7O7p+wddESUckw6OWMT7LhKE0ZB0JJWM9GNOUOAy0nPH1zO/NyFc0Ci8k9OY2AEahtSnGEklOXrD8iKZWhOC04cscyi8zLmf1QrNoafQuk+QZ/kRR4xB6uhVo27kgMvELEgVFGg7+qcKwUlAQokZEmJgGrG0U8QlxYxkFSsRJEZ4jIZkoGiIAiLsNL8tgydK8aDKVi+UMFd/b6QoEGIauGoyQHIkFr2Z+J83SKR/Yac0jBNJQjwP8hMGZQRnRUGPcoIlmyqCMKfqrxCPEEdYqjorqgRz8eRl0m3UzbN687ZZbV0VdZTBETgGNWCCc9ACN6ANOgCDR/AMXsGb9qS9aO/ax3y0pBU7h+APtK8fKV2iGQ==</latexit>

~̇xi = ~f(~xi) 8i

under suitable assumptions on      and          <latexit sha1_base64="UAlli7br5MtHorENXtB3gLRYzDg=">AAAB8XicbVC7SgNBFL0bXzG+opY2g0GwCrsiahm0sbCIYB6YhDA7uZsMmZ1dZmaFsOQvbCwUsfVv7PwbZ5MtNPHAwOGce5lzjx8Lro3rfjuFldW19Y3iZmlre2d3r7x/0NRRohg2WCQi1fapRsElNgw3AtuxQhr6Alv++CbzW0+oNI/kg5nE2AvpUPKAM2qs9NgNqRn5QXo37ZcrbtWdgSwTLycVyFHvl7+6g4glIUrDBNW647mx6aVUGc4ETkvdRGNM2ZgOsWOppCHqXjpLPCUnVhmQIFL2SUNm6u+NlIZaT0LfTmYJ9aKXif95ncQEV72UyzgxKNn8oyARxEQkO58MuEJmxMQSyhS3WQkbUUWZsSWVbAne4snLpHlW9S6q5/fnldp1XkcRjuAYTsGDS6jBLdShAQwkPMMrvDnaeXHenY/5aMHJdw7hD5zPH71LkPk=</latexit>

L
<latexit sha1_base64="3Nq0YjUvinEfMAYjohzhBxUYB4k=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiLlxWsA9sS8mkd9rQTGZIMkIZ+hduXCji1r9x59+YaWehrQcCh3PuJecePxZcG9f9dgorq2vrG8XN0tb2zu5eef+gqaNEMWywSESq7VONgktsGG4EtmOFNPQFtvzxTea3nlBpHskHM4mxF9Kh5AFn1FjpsRtSM/KD9HbaL1fcqjsDWSZeTiqQo94vf3UHEUtClIYJqnXHc2PTS6kynAmclrqJxpiyMR1ix1JJQ9S9dJZ4Sk6sMiBBpOyThszU3xspDbWehL6dzBLqRS8T//M6iQmueimXcWJQsvlHQSKIiUh2PhlwhcyIiSWUKW6zEjaiijJjSyrZErzFk5dJ86zqXVTP788rteu8jiIcwTGcggeXUIM7qEMDGEh4hld4c7Tz4rw7H/PRgpPvHMIfOJ8/sSOQ8Q==</latexit>

D

Following the instability, the system will (possibly) reach a new 
equilibrium, in general not homogeneous, i.e., the patchy solution.

Nakao, H, Mikhailov, AS, 2010 Turing patterns in network-organized activator–inhibitor systems. Nature Physics,  6, 544
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A relevant example : the Brusselator

<latexit sha1_base64="U/5q38ZHAazhaW5l+rjkWCQo+gw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99mKlMeeI9csVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJsfPEVnThkgt9uVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9j0aME2J5RNHMNHM3YrICGtMrMuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwgIeIZXePO09+K9ex+L1oKXzxzDH3ifP45LkEI=</latexit>

8i

<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) equilibrium isolated system

<latexit sha1_base64="wcNET+g5qGMqNFYdD5sFvVRu78o="></latexit>(
u̇i = 1� (b+ 1)ui + cu2

i vi +Du
P

j Lijuj

v̇i = bui � cu2
i vi +Dv

P
j Lijvj
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A relevant example : the Brusselator

<latexit sha1_base64="U/5q38ZHAazhaW5l+rjkWCQo+gw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc99mKlMeeI9csVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJsfPEVnThkgt9uVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9j0aME2J5RNHMNHM3YrICGtMrMuo5EIIll9eJa2LanBZrd3XKvWbPI4inMApnEMAV1CHO2hAEwgIeIZXePO09+K9ex+L1oKXzxzDH3ifP45LkEI=</latexit>

8i

<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) equilibrium isolated system
<latexit sha1_base64="UNhcmmz/rFKSMZArIqGgRHa9Umw=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgIYZdCWojBG0sI5gHJJtldjKbDJl9MI/gsqSw8VdsLBSx9SPs/Bsnj0ITDwyce8693LnHixkV0rK+jczK6tr6RnYzt7W9s7tn7h80RKQ4JnUcsYi3PCQIoyGpSyoZacWcoMBjpOkNbyZ+c0S4oFF4L5OYOAHqh9SnGEktuWb+waVXyqWnqlvslGAJJroe6XrULbpmwSpbU8BlYs9JAcxRc82vTi/CKiChxAwJ0batWDop4pJiRsa5jhIkRniI+qStaYgCIpx0esQYHmulB/2I6xdKOFV/T6QoECIJPN0ZIDkQi95E/M9rK+lfOikNYyVJiGeLfMWgjOAkEdijnGDJEk0Q5lT/FeIB4ghLnVtOh2AvnrxMGmdl+7xcuasUqtfzOLIgD47ACbDBBaiCW1ADdYDBI3gGr+DNeDJejHfjY9aaMeYzh+APjM8fJeaWgQ==</latexit>

xi = ui � u⇤ , yi = vi � v⇤

<latexit sha1_base64="skYUUh+QuHrLwlPe28gBxwaAceU="></latexit>(
ẋi = (b� 1)xi + cyi +Du

P
j Lijxj

ẏi = �bxi � cyi +Dv
P

j Lijyj

<latexit sha1_base64="wcNET+g5qGMqNFYdD5sFvVRu78o="></latexit>(
u̇i = 1� (b+ 1)ui + cu2

i vi +Du
P

j Lijuj

v̇i = bui � cu2
i vi +Dv

P
j Lijvj

linearised system
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The stability of
<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) can be stated by looking at

the spectrum of
<latexit sha1_base64="o96t+O5R4cD5ZVVNCndWs08onxw="></latexit>

J0 =

✓
b� 1 c
�b �c

◆

<latexit sha1_base64="v96/NSfNDMvZQtZknB62onOUHVQ=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCRVpmSlE3QtGNywr2Ae1YMplMG5p5kGSEUrpy46+4caGIW7/BnX9j2s5CWw8EDuecy809bsyZVJb1bWSWlldW17LruY3Nre0dc3evIaNEEFonEY9Ey8WSchbSumKK01YsKA5cTpvu4HriNx+okCwK79Qwpk6AeyHzGcFKS13zsMN12MP35WLKUMEt2kVyckoura6Zt0rWFGiR2CnJQ4pa1/zqeBFJAhoqwrGUbduKlTPCQjHC6TjXSSSNMRngHm1rGuKASmc0PWOMjrXiIT8S+oUKTdXfEyMcSDkMXJ0MsOrLeW8i/ue1E+VfOCMWxomiIZkt8hOOVIQmnSCPCUoUH2qCiWD6r4j0scBE6eZyugR7/uRF0iiX7LNS5baSr16ldWThAI6gADacQxVuoAZ1IPAIz/AKb8aT8WK8Gx+zaMZIZ/bhD4zPH9Svlsk=</latexit>

�2 � �(b� 1� c) + c = 0

<latexit sha1_base64="SqLHpJjua05IChrVXtV3EIMb2MQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Woi5YkFHUjFN24rGAf0MQymUzaoZOHMxOhhPyHG3/FjQtFXAku/BunbQRtPTBwOOdc7tzjxowKaRhfWmFpeWV1rbhe2tjc2t7Rd/faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOOOLid+555wQaPwRo5j4gRoEFKfYiSV1Nctm6mwh+A5tH2OcFpxq2YVH9txAG1xx+WPcGtV6zjLUivr62WjZkwBF4mZkzLI0ezrH7YX4SQgocQMCdEzjVg6KeKSYkaykp0IEiM8QgPSUzREARFOOr0tg0dK8aAfcfVCCafq74kUBUKMA1clAySHYt6biP95vUT6Z05KwziRJMSzRX7CoIzgpCjoUU6wZGNFEOZU/RXiIVIVSVVnSZVgzp+8SNpWzTyp1a/r5cZFXkcRHIBDUAEmOAUNcAWaoAUweABP4AW8ao/as/amvc+iBS2f2Qd/oH1+AzBXnwk=</latexit>

� =
(b� 1� c)±

p
(b� 1� c)2 � 4c

2
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The stability of
<latexit sha1_base64="kQIE1VO0QMkwL4aNvlreKKc4EAQ=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjEBQrA1RN2YEN24xEQeCRQyHaYwYTptZqYYUvkUNy40xq1f4s6/cYAuFDzJTU7OuTf33uOGjEplWd9Gam19Y3MrvZ3Z2d3bPzCzhw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqPbmd8cEyFpwB/UJCSOjwacehQjpaWemc1H3WJp3C0WrvN2yT3DhZ6Zs8rWHHCV2AnJgQS1nvnV6Qc48glXmCEp27YVKidGQlHMyDTTiSQJER6hAWlrypFPpBPPT5/CU630oRcIXVzBufp7Ika+lBPf1Z0+UkO57M3E/7x2pLwrJ6Y8jBTheLHIixhUAZzlAPtUEKzYRBOEBdW3QjxEAmGl08roEOzll1dJ47xsX5Qr95Vc9SaJIw2OwQnIAxtcgiq4AzVQBxg8gmfwCt6MJ+PFeDc+Fq0pI5k5An9gfP4AsyWRtQ==</latexit>

(u⇤, v⇤) = (1, b/c) can be stated by looking at

the spectrum of
<latexit sha1_base64="o96t+O5R4cD5ZVVNCndWs08onxw="></latexit>

J0 =

✓
b� 1 c
�b �c

◆

<latexit sha1_base64="v96/NSfNDMvZQtZknB62onOUHVQ=">AAACBnicbVDLSgMxFL1TX7W+Rl2KECxCRVpmSlE3QtGNywr2Ae1YMplMG5p5kGSEUrpy46+4caGIW7/BnX9j2s5CWw8EDuecy809bsyZVJb1bWSWlldW17LruY3Nre0dc3evIaNEEFonEY9Ey8WSchbSumKK01YsKA5cTpvu4HriNx+okCwK79Qwpk6AeyHzGcFKS13zsMN12MP35WLKUMEt2kVyckoura6Zt0rWFGiR2CnJQ4pa1/zqeBFJAhoqwrGUbduKlTPCQjHC6TjXSSSNMRngHm1rGuKASmc0PWOMjrXiIT8S+oUKTdXfEyMcSDkMXJ0MsOrLeW8i/ue1E+VfOCMWxomiIZkt8hOOVIQmnSCPCUoUH2qCiWD6r4j0scBE6eZyugR7/uRF0iiX7LNS5baSr16ldWThAI6gADacQxVuoAZ1IPAIz/AKb8aT8WK8Gx+zaMZIZ/bhD4zPH9Svlsk=</latexit>

�2 � �(b� 1� c) + c = 0

<latexit sha1_base64="SqLHpJjua05IChrVXtV3EIMb2MQ=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0Woi5YkFHUjFN24rGAf0MQymUzaoZOHMxOhhPyHG3/FjQtFXAku/BunbQRtPTBwOOdc7tzjxowKaRhfWmFpeWV1rbhe2tjc2t7Rd/faIko4Ji0csYh3XSQIoyFpSSoZ6cacoMBlpOOOLid+555wQaPwRo5j4gRoEFKfYiSV1Nctm6mwh+A5tH2OcFpxq2YVH9txAG1xx+WPcGtV6zjLUivr62WjZkwBF4mZkzLI0ezrH7YX4SQgocQMCdEzjVg6KeKSYkaykp0IEiM8QgPSUzREARFOOr0tg0dK8aAfcfVCCafq74kUBUKMA1clAySHYt6biP95vUT6Z05KwziRJMSzRX7CoIzgpCjoUU6wZGNFEOZU/RXiIVIVSVVnSZVgzp+8SNpWzTyp1a/r5cZFXkcRHIBDUAEmOAUNcAWaoAUweABP4AW8ao/as/amvc+iBS2f2Qd/oH1+AzBXnwk=</latexit>

� =
(b� 1� c)±

p
(b� 1� c)2 � 4c

2Note 
<latexit sha1_base64="5+Q5vXYsDf5VQY/NiJP/SoDOaz4="></latexit>

J0 =

✓
@uf @vf
@ug @vg

◆
<latexit sha1_base64="VJLFdah+DZRyd26qLZ5nGcTY554=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIFbHMlKJuhKIbcVXBXqBTSyaTaUMzF5IzQhn6Om58FTcKirr1RUzbWdjWHwIf/zmHnPM7keAKTPPLyCwtr6yuZddzG5tb2zv53b2GCmNJWZ2GIpQthygmeMDqwEGwViQZ8R3Bms7gelxvPjKpeBjcwzBiHZ/0Au5xSkBb3XzVFrrZJQ/l05Sw7RPoSz8BOSpO2PGS21HXPD6xXQaz1qXZzRfMkjkRXgQrhQJKVevm32w3pLHPAqCCKNW2zAg6CZHAqWCjnB0rFhE6ID3W1hgQn6lOMrl0hI+042IvlPoFgCfu34mE+EoNfUd3jtdU87Wx+V+tHYN30Ul4EMXAAjr9yIsFhhCPY8Mul4yCGGogVHK9K6Z9IgkFHW5Oh2DNn7wIjXLJOitV7iqF6lUaRxYdoENURBY6R1V0g2qojih6Qi/oHX0Yz8ar8Wl8T1szRjqzj2Zk/PwC4LumXw==</latexit>

�2 � �tr(J0) + det(J0) = 0

imply stability
<latexit sha1_base64="MprJzT63iCb1PYDE9TATpg8w9Ek=">AAACJXicbVDLSsNAFJ34rPVVdelmsAi6KYkUdVGk6EZcKVhbaEqZTG50cDIJMzdiCfkZN/6KGxcWEVz5K05rF74ODBzOOZe59wSpFAZd992Zmp6ZnZsvLZQXl5ZXVitr61cmyTSHFk9kojsBMyCFghYKlNBJNbA4kNAObk9GfvsOtBGJusRBCr2YXSsRCc7QSv1Kw48Z3ug4R13sjHkQ5WdF391tuNRHuMecMhXSwg8BfwaO3H6l6tbcMehf4k1IlUxw3q8M/TDhWQwKuWTGdD03xV7ONAouoSj7mYGU8Vt2DV1LFYvB9PLxlQXdtkpIo0Tbp5CO1e8TOYuNGcSBTY7WNL+9kfif180wOuzlQqUZguJfH0WZpJjQUWU0FBo4yoEljGthd6X8hmnG0RZbtiV4v0/+S672at5+rX5RrzaPJ3WUyCbZIjvEIwekSU7JOWkRTh7IE3khQ+fReXZenbev6JQzmdkgP+B8fALXbKTO</latexit>

tr(J0) < 0 and det(J0) > 0
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<latexit sha1_base64="x/XKtT4vq1vjXkq6rIsCCBrV8WQ="></latexit>

d

dt

✓
xi

yi

◆
=

✓
b� 1 c
�b �c

◆✓
xi

yi

◆
+

X

j

Lij

✓
Du 0
0 Dv

◆✓
xi

yi

◆

<latexit sha1_base64="h5acZnJtr4tK+jsBJ4VFhkSHzzU="></latexit>

xi =
X

↵

⇠↵�
(↵)
i and yi =

X

↵

⌘↵�
(↵)
i

Let us decompose x and y on the eigenbasis of L

<latexit sha1_base64="FH1F9+e+AHo6EkVnPPUOG2GEbMY="></latexit>X

j

Lijxj =
X

↵

X

j

Lij⇠↵�
(↵)
j =

X

↵

⇤(↵)⇠↵�
(↵)
i
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<latexit sha1_base64="x/XKtT4vq1vjXkq6rIsCCBrV8WQ="></latexit>

d

dt

✓
xi

yi

◆
=

✓
b� 1 c
�b �c

◆✓
xi

yi

◆
+

X

j

Lij

✓
Du 0
0 Dv

◆✓
xi

yi

◆

<latexit sha1_base64="h5acZnJtr4tK+jsBJ4VFhkSHzzU="></latexit>

xi =
X

↵

⇠↵�
(↵)
i and yi =

X

↵

⌘↵�
(↵)
i

Let us decompose x and y on the eigenbasis of L

<latexit sha1_base64="FH1F9+e+AHo6EkVnPPUOG2GEbMY="></latexit>X

j

Lijxj =
X

↵

X

j

Lij⇠↵�
(↵)
j =

X

↵

⇤(↵)⇠↵�
(↵)
i

Project on each eigenvector
<latexit sha1_base64="IOsAyg1hsK5Rpd9KInwpJvC7stk="></latexit>

d

dt

✓
⇠↵
⌘↵

◆
=

✓
b� 1 c
�b �c

◆✓
⇠↵
⌘↵

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆✓
⇠↵
⌘↵

◆
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t

<latexit sha1_base64="kRVXjAhxBLa1snsbWJuehspKvco="></latexit>

J↵ :=

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
= J0 + ⇤(↵)D

<latexit sha1_base64="Drq1OehqGc3xqesA1jHNIpEZnBc="></latexit>

det

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
� �↵I

�
= 0

<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t

<latexit sha1_base64="kRVXjAhxBLa1snsbWJuehspKvco="></latexit>

J↵ :=

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
= J0 + ⇤(↵)D

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

<latexit sha1_base64="Drq1OehqGc3xqesA1jHNIpEZnBc="></latexit>

det

✓
b� 1 c
�b �c

◆
+ ⇤(↵)

✓
Du 0
0 Dv

◆
� �↵I

�
= 0

<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0

<latexit sha1_base64="yg8ZzhBHUZsr802Sjbi7FJ+er98="></latexit>

tr(J↵) = tr(J0) + ⇤(↵)(Du +Dv)  tr(J0) < 0but

for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
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instability
<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0
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instability
<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
positive positive

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
negative

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0
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instability
<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
positive positive

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
negative

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0

<latexit sha1_base64="F/GD7sqMVBPkRZSdqMAhxKLGEBw=">AAACHXicbZDLSsNAFIYnXmu9RV26GSxCRSiJFHWhUHQjrirYCzQhTKaTdujkwsykUEJexI2v4saFIi7ciG/jJA2irQcGPv5zmXN+N2JUSMP40hYWl5ZXVktr5fWNza1tfWe3LcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjru6DrLd8aECxoG93ISEdtHg4B6FCOpJEevWz6SQ+4nkqfVnF0vuU0d4+jSihCXFDEn9o5/eAwHF4ajV4yakQecB7OACiii6egfVj/EsU8CiRkSomcakbSTbCZmJC1bsSARwiM0ID2FAfKJsJP8uhQeKqUPvZCrF0iYq787EuQLMfFdVZntL2ZzmfhfrhdL79xOaBDFkgR4+pEXMyhDmFkF+5QTLNlEAcKcql0hHiKOsFSGlpUJ5uzJ89A+qZmntfpdvdK4KuwogX1wAKrABGegAW5AE7QABg/gCbyAV+1Re9betPdp6YJW9OyBP6F9fgPxuKJr</latexit>

tr(J0) = @uf + @vg < 0

but

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit>

{<latexit sha1_base64="QQTCqaTxmcPz+FUIjKZVmz3kVt0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/gwvHhTx6q/x5r9x0+agrQ8WHu/NzM68IJHCoOt+O6W19Y3NrfJ2ZWd3b/+genjUNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7nK/88S1EbF6xGnC/YiOlAgFo2ilXj+hGgWVgzQcVGtu3Z2DrBKvIDUo0BxUv/rDmKURV8gkNabnuQn6WT6QST6r9FPDE8omdMR7lioaceNn85Vn5MwqQxLG2j6FZK7+7shoZMw0CmxlRHFslr1c/M/rpRje+JlQSYpcscVHYSoJxiS/nwyF5gzl1BLKtLC7EjammjK0KVVsCN7yyaukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDGJ4hld4c9B5cd6dj0VpySl6juEPnM8fkfuRdA==</latexit>

@uf
<latexit sha1_base64="Tx4Slv+qn6K6ZquE1wd1D2UY9qc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXRjcsK9gHToWTSTBuaSYbkTqEM/Qw3LhRx69e482/MtLPQ1gOBwzn33tx7wkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx6hUU9amSijdC4lhgkvWBg6C9RLNSBwK1g0n97nfnTJtuJJPMEtYEJOR5BGnBKzk9xOigRMxmI4G1ZpbdxfA68QrSA0VaA2qX/2homnMJFBBjPE9N4EgywdSweaVfmpYQuiEjJhvqSQxM0G2WHmOL6wyxJHS9knAC/V3R0ZiY2ZxaCtjAmOz6uXif56fQnQbZFwmKTBJlx9FqcCgcH4/HnLNKIiZJYRqbnfFdEw0oWBTqtgQvNWT10nnqu5d1xuPjVrzroijjM7QObpEHrpBTfSAWqiNKFLoGb2iNwecF+fd+ViWlpyi5xT9gfP5A5UEkXY=</latexit>

@vgand should have
opposite sign, i.e., should be
activator and inhibitor

<latexit sha1_base64="KF7BU1uLYt/WmbnzrB1vsOc53/Y=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuim5cVrAPaIeSSTNtaCYTk0yhDP0ONy4UcevHuPNvzLSz0NYDFw7n3JvcewLJmTau++0U1tY3NreK26Wd3b39g/LhUUvHiSK0SWIeq06ANeVM0KZhhtOOVBRHAaftYHyX+e0JVZrF4tFMJfUjPBQsZAQbK/k9iZVhmPcnwxu3X664VXcOtEq8nFQgR6Nf/uoNYpJEVBjCsdZdz5XGT7MnCaezUi/RVGIyxkPatVTgiGo/nS89Q2dWGaAwVraEQXP190SKI62nUWA7I2xGetnLxP+8bmLCaz9lQiaGCrL4KEw4MjHKEkADpigxfGoJJorZXREZYYWJsTmVbAje8smrpHVR9S6rtYdapX6bx1GEEziFc/DgCupwDw1oAoEneIZXeHMmzovz7nwsWgtOPnMMf+B8/gCL+5H2</latexit>

@vg < 0
<latexit sha1_base64="KD75IScbDKo8bMV/TPjg6u3OUyU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUVdSdOOygn1AO5RMmmlDM5mYZApl6He4caGIWz/GnX9jpp2Fth64cDjn3uTeE0jOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFKFNEvNYdQKsKWeCNg0znHakojgKOG0H47vMb0+o0iwWj2YqqR/hoWAhI9hYye9JrAzDvJ+EN26/XHGr7hxolXg5qUCORr/81RvEJImoMIRjrbueK42fZk8STmelXqKpxGSMh7RrqcAR1X46X3qGzqwyQGGsbAmD5urviRRHWk+jwHZG2Iz0speJ/3ndxITXfsqETAwVZPFRmHBkYpQlgAZMUWL41BJMFLO7IjLCChNjcyrZELzlk1dJ66LqXVZrD7VK/TaPowgncArn4MEV1OEeGtAEAk/wDK/w5kycF+fd+Vi0Fpx85hj+wPn8AYv4kfY=</latexit>

@uf > 0
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Note : the inhibitor should diffuse faster than the activator

<latexit sha1_base64="b6k5JgemRnio09d5xPOERx5ZtI0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqCcp2oPHCvYD2mXJptk2NJtdkmyhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3jfKPC2vrG5lZxu7Szu7d/UD48auk4VZQ1aSxi1QmIZoJL1jTcCNZJFCNRIFg7GN3P/PaYKc1j+WQmCfMiMpA85JQYK7Xr/vi27qd+ueJUnTnwKnFzUoEcDb/81evHNI2YNFQQrbuukxgvI8pwKti01Es1SwgdkQHrWipJxLSXzc+d4jOr9HEYK1vS4Ln6eyIjkdaTKLCdETFDvezNxP+8bmrCGy/jMkkNk3SxKEwFNjGe/Y77XDFqxMQSQhW3t2I6JIpQYxMq2RDc5ZdXSeui6l5VLx8vK7W7PI4inMApnIML11CDB2hAEyiM4Ble4Q0l6AW9o49FawHlM8fwB+jzB8ghjzg=</latexit>

Dv > Du

Gierer A, Meinhardt H. 1972 A theory of biological pattern formation. Kybernetik 12, 30
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instability
<latexit sha1_base64="TvPLe2ApjWrFPlHgw6mjp3qER4c=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBA8hV0J6jHoRTxFMA/IhjA76U2GzD6c6ZWEJT/ixV/x4kERD17Ev3GS7EETCxqKqm66u7xYCo22/W0tLa+srq3nNvKbW9s7u4W9/bqOEsWhxiMZqabHNEgRQg0FSmjGCljgSWh4g6uJ33gApUUU3uEohnbAeqHwBWdopE6h7MLQbNHUZTLuMxdhiCnVSMduF9ANGPY9P70ZdzJfwj21O4WiXbKnoIvEyUiRZKh2Cp9uN+JJACFyybRuOXaM7ZQpFFzCOO8mGmLGB6wHLUNDFoBup9PvxvTYKF3qR8pUiHSq/p5IWaD1KPBM5+RcPe9NxP+8VoL+RTsVYZwghHy2yE8kxYhOoqJdoYCjHBnCuBLmVsr7TDGOJtC8CcGZf3mR1E9LzlmpfFsuVi6zOHLkkByRE+KQc1Ih16RKaoSTR/JMXsmb9WS9WO/Wx6x1ycpmDsgfWF8/kE2i0g==</latexit>

9↵ st detJ↵  0

<latexit sha1_base64="R06cwRxEqDziu9A5K5cLFTYxCtM="></latexit>

det(J↵) = DuDv

h
⇤(↵)

i2
+ ⇤(↵) (Dv@uf +Du@vg) + det(J0)

<latexit sha1_base64="BwIGrQDpgISRnRlm+L/iIQi7Y1Q="></latexit>

�1

4

(Dv@uf +Du@vg)2

DuDv
+ det(J0) < 0
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Turing conditions

<latexit sha1_base64="BwIGrQDpgISRnRlm+L/iIQi7Y1Q="></latexit>

�1

4

(Dv@uf +Du@vg)2

DuDv
+ det(J0) < 0

<latexit sha1_base64="2Gn42bO3kMdfqzKN7YLOsMyAqPI="></latexit>

det(J0) = @uf@vg � @vf@ug > 0

<latexit sha1_base64="Niab98ofJ+XAW4HNuBL1iz8mY9A=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDIjRV1J0S5cVrAPaIchk2ba0ExmyKNQStdu/BU3LhRx6xe482/MtINo64HAyTn33uSeIGFUKsf5snJLyyura/n1wsbm1vaOvbvXkLEWmNRxzGLRCpAkjHJSV1Qx0koEQVHASDMY3KR+c0iEpDG/V6OEeBHqcRpSjJSRfPuw6g9hJ0FCUcR8HZ5Wff1zHcLelePbRafkTAEXiZuRIshQ8+3PTjfGOiJcYYakbLtOorxxOhMzMil0tCQJwgPUI21DOYqI9MbTVSbw2ChdGMbCHK7gVP3dMUaRlKMoMJURUn0576Xif15bq/DSG1OeaEU4nj0UagZVDNNcYJcKghUbGYKwoOavEPeRQFiZ9AomBHd+5UXSOCu556XyXblYuc7iyIMDcAROgAsuQAXcghqoAwwewBN4Aa/Wo/VsvVnvs9KclfXsgz+wPr4BXpqaEA==</latexit>

Dv@uf +Du@vg > 0

<latexit sha1_base64="wW6FLSxXKCQVNFSvBWSuzdM6QJM=">AAACHHicbZDLSsNAFIYn9VbrLerSTbAIFaEkWtSFQtGNuKpgL9CUMJlO2qEzSZiZFErIg7jxVdy4UMSNC8G3cZIG0dYDAx//ucw5vxtSIqRpfmmFhcWl5ZXiamltfWNzS9/eaYkg4gg3UUAD3nGhwJT4uCmJpLgTcgyZS3HbHV2n+fYYc0EC/15OQtxjcOATjyAoleToJzaDcshZLHlSydj14tvEMQ8v7RBySSB1Iu/oh8eDC9PRy2bVzMKYByuHMsij4egfdj9AEcO+RBQK0bXMUPbidCSiOCnZkcAhRCM4wF2FPmRY9OLsuMQ4UErf8AKuni+NTP3dEUMmxIS5qjJdX8zmUvG/XDeS3nkvJn4YSeyj6UdeRA0ZGKlTRp9wjCSdKICIE7WrgYaQQySVnyVlgjV78jy0jqvWabV2VyvXr3I7imAP7IMKsMAZqIMb0ABNgMADeAIv4FV71J61N+19WlrQ8p5d8Ce0z2+ItaJB</latexit>

tr(J0) = @uf + @vg < 0

Turing AM. 1952 The chemical basis of morphogenesis. Phil. Trans. R. Soc. Lond. B 237, 37 
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Turing conditions for the Brusselator model

<latexit sha1_base64="utiepHD4CPBB6BYJadEJVBh28VI=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CXbQkUtSFQtGNuKpgL9CGMJlO2qEzSZiZCCVk7cZXceNCEbc+gTvfxknahbb+MPDxn3OYc34vYlQqy/o2FhaXlldWC2vF9Y3NrW1zZ7clw1hg0sQhC0XHQ5IwGpCmooqRTiQI4h4jbW90ndXbD0RIGgb3ahwRh6NBQH2KkdKWax70OFJDwRMl0nLOnp/cpq51fOlV7Aq+sFyzZFWtXHAe7CmUwFQN1/zq9UMccxIozJCUXduKlJMgoShmJC32YkkihEdoQLoaA8SJdJL8lBQeaacP/VDoFyiYu78nEsSlHHNPd2bLytlaZv5X68bKP3cSGkSxIgGefOTHDKoQZrnAPhUEKzbWgLCgeleIh0ggrHR6RR2CPXvyPLROqvZptXZXK9WvpnEUwD44BGVggzNQBzegAZoAg0fwDF7Bm/FkvBjvxsekdcGYzuyBPzI+fwDO75mq</latexit>

tr(J0) = b� 1� c < 0

<latexit sha1_base64="3CQLvgcCv/j5iHd+PGa5V5oIMuQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAh1UxIp6kYpuhFXFewD2hAm00k7dGYSZiZCCdm58VfcuFDErb/gzr9xkmahrQcGzpxzL/fe40eUSGXb38bC4tLyympprby+sbm1be7stmUYC4RbKKSh6PpQYko4bimiKO5GAkPmU9zxx9eZ33nAQpKQ36tJhF0Gh5wEBEGlJc886DOoRoIlA6zSav7xg+Q29ezjC3Rpe2bFrtk5rHniFKQCCjQ986s/CFHMMFeIQil7jh0pN4FCEURxWu7HEkcQjeEQ9zTlkGHpJvkdqXWklYEVhEI/rqxc/d2RQCblhPm6MltUznqZ+J/Xi1Vw7iaER7HCHE0HBTG1VGhloVgDIjBSdKIJRILoXS00ggIipaMr6xCc2ZPnSfuk5pzW6nf1SuOqiKME9sEhqAIHnIEGuAFN0AIIPIJn8ArejCfjxXg3PqalC0bRswf+wPj8AV0rmPg=</latexit>

det(J0) = c > 0

<latexit sha1_base64="O6guuXHV+jRCc0UGyycKhe1ZnUg=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Woi5ZEirqSol24rGAf0IYwmU7aoZNJmEehhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPUHCqFSO822trW9sbm3ndvK7e/sHBfvwqCVjLTBp4pjFohMgSRjlpKmoYqSTCIKigJF2MLqb+e0xEZLG/FFNEuJFaMBpSDFSRvLtQt0fl4Kye16u+xrfOL5ddCrOHHCVuBkpggwN3/7q9WOsI8IVZkjKruskykuRUBQzMs33tCQJwiM0IF1DOYqI9NL54VN4ZpQ+DGNhiis4V39PpCiSchIFpjNCaiiXvZn4n9fVKrz2UsoTrQjHi0WhZlDFcJYC7FNBsGITQxAW1NwK8RAJhJXJKm9CcJdfXiWti4p7Wak+VIu12yyOHDgBp6AEXHAFauAeNEATYKDBM3gFb9aT9WK9Wx+L1jUrmzkGf2B9/gA/zZGK</latexit>

Dv(b� 1)�Duc > 0

<latexit sha1_base64="jgWE2TAwMveVPQqG6hLLpNFHy5A="></latexit>

c <
Dv

Du
(b+ 1)

"
1�

s

1� (b� 1)2

(b+ 1)2

#
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t
<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

<latexit sha1_base64="1+BXFdj/nK/0kad5AiUBxjqNWb0=">AAACCnicbZBPT8IwGMY7/If4b+rRS5WYeCBkMyBeSIh68IiJIAksS1c6aOi6pe1IyMLZi1/FiweN8eon8Oa3sYMdFHyTpr88z/umfR8vYlQqy/o2ciura+sb+c3C1vbO7p65f9CWYSwwaeGQhaLjIUkY5aSlqGKkEwmCAo+RB290nfoPYyIkDfm9mkTECdCAU59ipLTkmsdevdIrwRKuV9Prxo3rVtmqzXmsueqaRa3MCi6DnUERZNV0za9eP8RxQLjCDEnZta1IOQkSimJGpoVeLEmE8AgNSFcjRwGRTjJbZQpPtdKHfij04QrO1N8TCQqknASe7gyQGspFLxX/87qx8i+dhPIoVoTj+UN+zKAKYZoL7FNBsGITDQgLqv8K8RAJhJVOr6BDsBdXXob2edm+KFfuKsXGVRZHHhyBE3AGbFADDXALmqAFMHgEz+AVvBlPxovxbnzMW3NGNnMI/pTx+QMtZpYl</latexit>

b = 4 , c = 5 , Du = 0.07 , Dv = 0.5
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Growth ansatz
<latexit sha1_base64="ZIPacAljStfjfVLdbpIbSXWxO0Q="></latexit>

⇠↵(t) ⇠ e�↵t and ⌘↵(t) ⇠ e�↵t
<latexit sha1_base64="Zet2/QTaORfHBpQaweu5/wMPIN8=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK0m5JIUTdC0Y0LFxXsA5oYbibTdujkwcxEKKHf4cZfceNCEXfixr9xmmZhWw8MnHvOvdy5x4sZFdI0f7TCyura+kZxs7S1vbO7p+8ftEWUcExaOGIR73ogCKMhaUkqGenGnEDgMdLxRtdTv/NIuKBReC/HMXECGIS0TzFIJbm6ZTPV7INrA4uHcDlfVuzbrHxIKzOhOqm6etmsmRmMZWLlpIxyNF39y/YjnAQklJiBED3LjKWTApcUMzIp2YkgMeARDEhP0RACIpw0O21inCjFN/oRVy+URqb+nUghEGIceKozADkUi95U/M/rJbJ/4aQ0jBNJQjxb1E+YISNjmpPhU06wZGNFAHOq/mrgIXDAUqVZUiFYiycvk/ZpzTqr1e/q5cZVHkcRHaFjVEEWOkcNdIOaqIUwekIv6A29a8/aq/ahfc5aC1o+c4jmoH3/AvSeoM4=</latexit>

�↵ = �↵(⇤
(↵))

<latexit sha1_base64="BTMeO7C91fWICDrZUNzdbXTeQxA=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRXJQyU1rrplDUhcsK9gLtMGTStA3NZIYkUyhD1258FTcuFHHrE7jzbcy0s9DWAyEf/38Oyfm9kFGpLOvbyKytb2xuZbdzO7t7+wfm4VFLBpHApIkDFoiOhyRhlJOmooqRTigI8j1G2t74JvHbEyIkDfiDmobE8dGQ0wHFSGnJNU+9WqlXgAVcqyTXrRvVrKJVXfBEc8U181qZF1wFO4U8SKvhml+9foAjn3CFGZKya1uhcmIkFMWMzHK9SJIQ4TEakq5GjnwinXi+ygyea6UPB4HQhys4V39PxMiXcup7utNHaiSXvUT8z+tGanDlxJSHkSIcLx4aRAyqACa5wD4VBCs21YCwoPqvEI+QQFjp9HI6BHt55VVolYr2ZbF8X87Xr9M4suAEnIELYIMqqIM70ABNgMEjeAav4M14Ml6Md+Nj0Zox0plj8KeMzx8qIpYj</latexit>

b = 2 , c = 5 , Du = 0.07 , Dv = 0.5
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Erdős–Rényi (random network)
<latexit sha1_base64="pfc9LQzQ317aNgem2HHHkXzkzcc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUJSi3osetBjBfshbSib7aZdursJuxuhhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL4gZVdp1v63cyura+kZ+s7C1vbO7V9w/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjG6mfuuJSEUj8aDHMfE5GggaUoy0kR5vyxX3zHXOT3vFkuu4M9jLxMtICTLUe8Wvbj/CCSdCY4aU6nhurP0USU0xI5NCN1EkRniEBqRjqECcKD+dHTyxT4zSt8NImhLanqm/J1LElRrzwHRypIdq0ZuK/3mdRIdXfkpFnGgi8HxRmDBbR/b0e7tPJcGajQ1BWFJzq42HSCKsTUYFE4K3+PIyaVYc78Kp3ldLtessjjwcwTGUwYNLqMEd1KEBGDg8wyu8WdJ6sd6tj3lrzspmDuEPrM8f+2OOlA==</latexit>

G(20, 0.3)
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Erdős–Rényi (random network)
<latexit sha1_base64="pfc9LQzQ317aNgem2HHHkXzkzcc=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUJSi3osetBjBfshbSib7aZdursJuxuhhP4KLx4U8erP8ea/cdvmoK0PBh7vzTAzL4gZVdp1v63cyura+kZ+s7C1vbO7V9w/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjG6mfuuJSEUj8aDHMfE5GggaUoy0kR5vyxX3zHXOT3vFkuu4M9jLxMtICTLUe8Wvbj/CCSdCY4aU6nhurP0USU0xI5NCN1EkRniEBqRjqECcKD+dHTyxT4zSt8NImhLanqm/J1LElRrzwHRypIdq0ZuK/3mdRIdXfkpFnGgi8HxRmDBbR/b0e7tPJcGajQ1BWFJzq42HSCKsTUYFE4K3+PIyaVYc78Kp3ldLtessjjwcwTGUwYNLqMEd1KEBGDg8wyu8WdJ6sd6tj3lrzspmDuEPrM8f+2OOlA==</latexit>

G(20, 0.3)
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Directed networks

Assume a diffusive coupling

is the (combinatorial) 
directed Laplace matrix

<latexit sha1_base64="mGm3xw53nRZPPVZ6aJvyIhhDhfc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1YUmkVJdVNy4r2Ac0IUym03bamSTMTIol5E/c+CtuXCgi7vo3TtsI2npghsM593LvPX7EqFSWNTFWVtfWNzZzW/ntnd29ffPgsCHDWGBSxyELRctHkjAakLqiipFWJAjiPiNNf3g79ZsjIiQNgwc1jojLUS+gXYqR0pJnVpxOqBJnRHDymKYehY6kXH8x9wbXXkIHaTEzvcH5D6NnnlmwStYMcJnYGSmADDXP/NKDcMxJoDBDUrZtK1JugoSimJE078SSRAgPUY+0NQ0QJ9JNZvel8FQrHdgNhX6BgjP1d0eCuJRj7utKjlRfLnpT8T+vHavulZvQIIoVCfB8UDdmUIVwGhbsUEGwYmNNEBZU7wpxHwmElY40r0OwF09eJo2Lkl0ple/LhepNFkcOHIMTUAQ2uARVcAdqoA4weAIv4A28G8/Gq/FhfM5LV4ys5wj8gTH5Bvi1pCo=</latexit>

~̇xi ⇠
X

j

Aij(~xj � ~xi)
<latexit sha1_base64="iBZxlmuv8gW7/93yO+XBlUimBIQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUxDIjRd0IVTcuK9gHdMYhk6Zt2iQzJJliGfoRbvwVNy4UcevCnX9j+kC0euDC4Zx7ufeeIGJUadv+tFJz8wuLS+nlzMrq2vpGdnOrqsJYYlLBIQtlPUCKMCpIRVPNSD2SBPGAkVrQuxz5tT6RiobiRg8i4nHUFrRFMdJG8rMHZ66Kud+F535Cu0O3T3ByN/S7hz2f3iZ5Kva/Nepnc3bBHgP+Jc6U5MAUZT/74TZDHHMiNGZIqYZjR9pLkNQUMzLMuLEiEcI91CYNQwXiRHnJ+Kkh3DNKE7ZCaUpoOFZ/TiSIKzXggenkSHfUrDcS//MasW6degkVUayJwJNFrZhBHcJRQrBJJcGaDQxBWFJzK8QdJBHWJseMCcGZffkvqR4VnONC8bqYK11M40iDHbAL8sABJ6AErkAZVAAG9+ARPIMX68F6sl6tt0lryprObINfsN6/AIiVnyc=</latexit>

=
X

j

Aij~xj � k(in)i ~xi

<latexit sha1_base64="QYeFUsleQdLzu1P2Di+/K1nJOzk="></latexit>

=
X

j

(Aij~xj � k(in)i �ij)~xj =:
X

j

Lij~xj

It is not symmetric, thus the eigenvalues can be complex numbers

<latexit sha1_base64="P8fgMA1Aj/aipdSyh5teXNJUkDM="></latexit>

L = A� diag(k(in)1 , . . . , k(in)n )
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Asllani M et al. 2014 The theory of pattern formation on directed networks. Nature Communication 5, 4517 

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0 for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="VJLFdah+DZRyd26qLZ5nGcTY554=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIFbHMlKJuhKIbcVXBXqBTSyaTaUMzF5IzQhn6Om58FTcKirr1RUzbWdjWHwIf/zmHnPM7keAKTPPLyCwtr6yuZddzG5tb2zv53b2GCmNJWZ2GIpQthygmeMDqwEGwViQZ8R3Bms7gelxvPjKpeBjcwzBiHZ/0Au5xSkBb3XzVFrrZJQ/l05Sw7RPoSz8BOSpO2PGS21HXPD6xXQaz1qXZzRfMkjkRXgQrhQJKVevm32w3pLHPAqCCKNW2zAg6CZHAqWCjnB0rFhE6ID3W1hgQn6lOMrl0hI+042IvlPoFgCfu34mE+EoNfUd3jtdU87Wx+V+tHYN30Ul4EMXAAjr9yIsFhhCPY8Mul4yCGGogVHK9K6Z9IgkFHW5Oh2DNn7wIjXLJOitV7iqF6lUaRxYdoENURBY6R1V0g2qojih6Qi/oHX0Yz8ar8Wl8T1szRjqzj2Zk/PwC4LumXw==</latexit>

�2 � �tr(J0) + det(J0) = 0

stability of the homogeneous equilibrium decoupled systems

<latexit sha1_base64="MprJzT63iCb1PYDE9TATpg8w9Ek=">AAACJXicbVDLSsNAFJ34rPVVdelmsAi6KYkUdVGk6EZcKVhbaEqZTG50cDIJMzdiCfkZN/6KGxcWEVz5K05rF74ODBzOOZe59wSpFAZd992Zmp6ZnZsvLZQXl5ZXVitr61cmyTSHFk9kojsBMyCFghYKlNBJNbA4kNAObk9GfvsOtBGJusRBCr2YXSsRCc7QSv1Kw48Z3ug4R13sjHkQ5WdF391tuNRHuMecMhXSwg8BfwaO3H6l6tbcMehf4k1IlUxw3q8M/TDhWQwKuWTGdD03xV7ONAouoSj7mYGU8Vt2DV1LFYvB9PLxlQXdtkpIo0Tbp5CO1e8TOYuNGcSBTY7WNL+9kfif180wOuzlQqUZguJfH0WZpJjQUWU0FBo4yoEljGthd6X8hmnG0RZbtiV4v0/+S672at5+rX5RrzaPJ3WUyCbZIjvEIwekSU7JOWkRTh7IE3khQ+fReXZenbev6JQzmdkgP+B8fALXbKTO</latexit>

tr(J0) < 0 and det(J0) > 0

instability of the homogeneous equilibrium coupled systems
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Directed networks

Asllani M et al. 2014 The theory of pattern formation on directed networks. Nature Communication 5, 4517 
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Dynamical Systems on non-normal Network
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Dynamical Systems on Network

Adjacency coupling
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Interactions occur at each node and among nearby ones

Metapopulation models

e.g. in the framework of ecology:

May R., Will a large complex system be stable? 
Nature, 238, pp. 413, (1972)

Dynamical Systems on Network
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Dynamical Systems on Network

Assume each isolated system converges to the same stable 
periodic solution

Assume a adjacency coupling

<latexit sha1_base64="JEQxG0+7+SkMhavKXFV7YgL+PqM="></latexit>

lim
t!1

~xi(t) = ~s(t) 8i

<latexit sha1_base64="z60+1RCQRqXn1reGnwHp0b7txyo="></latexit>

~̇xi ⇠
1

ki

X

j

AijF (~xi, ~xj)
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Dynamical Systems on Network

Assume each isolated system converges to the same stable 
periodic solution

Assume a adjacency coupling

<latexit sha1_base64="JEQxG0+7+SkMhavKXFV7YgL+PqM="></latexit>

lim
t!1

~xi(t) = ~s(t) 8i

<latexit sha1_base64="z60+1RCQRqXn1reGnwHp0b7txyo="></latexit>

~̇xi ⇠
1

ki

X

j

AijF (~xi, ~xj)

<latexit sha1_base64="TomRAgvFHZNfdW1eiaZBdom02OY=">AAACSHicbZDNS8MwGMbT+TXnV9Wjl+IQNtTRylAvg6kgHie4D1hLSbN0y5Z+kKTDUfrnefHozb/BiwdFvJltFXTbA4Efz/O+JHmckBIudP1VySwtr6yuZddzG5tb2zvq7l6DBxFDuI4CGrCWAzmmxMd1QQTFrZBh6DkUN53BzThvDjHjJPAfxCjElge7PnEJgkJatmpXTJdBFBtJPLBJYvLIs/tXdkz6yW3BHGIUPyY2Ofmlfv F0kU2Kx4vtiq3m9ZI+kTYPRgp5kKpmqy9mJ0CRh32BKOS8beihsGLIBEEUJzkz4jiEaAC7uC3Rhx7mVjwpItGOpNPR3IDJ4wtt4v7diKHH+chz5KQHRY/PZmNzUdaOhHtpxcQPI4F9NL3IjagmAm3cqtYhDCNBRxIgYkS+VUM9KIsVsvucLMGY/fI8NM5KxnmpfF/OV6/TOrLgAByCAjDABaiCO1ADdYDAE3gDH+BTeVbelS/lezqaUdKdffBPmcwPB9WzpA==</latexit>

=
1

ki

X

j

AijF (~xi, ~xj)� F (~xi, ~xi) + F (~xi, ~xi) =

<latexit sha1_base64="0a95rklrYdaj4rzbrIQwW1abeXk="></latexit>

=
X

j

✓
Aij

ki
� �ij

◆
F (~xi, ~xj) + F (~xi, ~xi) =

X

j

LijF (~xi, ~xj) + F (~xi, ~xi)
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Dynamical Systems on Network

is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
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Dynamical Systems on Network

is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
<latexit sha1_base64="rcvZBbVlgCrrvGxNDIr7FxWepL0="></latexit>

Lsym := D�1/2 (A�D)D�1/2

is symmetric and non-positive definite
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Dynamical Systems on Network

is the (consensus or reactive) Laplace matrix
<latexit sha1_base64="CjLGWTFXF59RfMMBtr61KTrYaq4=">AAACGHicbVA7T8MwGHR4lvIKMLJYVEgslARVwIJUYGFgKBJ9SE0UOY7TmjoP2Q5SFeVnsPBXWBhAiLUb/wYnzQAtJ1k6332f7Ds3ZlRIw/jWFhaXlldWK2vV9Y3NrW19Z7cjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7T4QLGoUPchwTO0CDkPoUI6kkRz+xAiSHGLH0LnNS+phdWj5HOL0qLlk6cmh2bHmESVQojl4z6kYBOE/MktRAiZajTywvwklAQokZEqJvGrG0U8QlxYxkVSsRJEZ4hAakr2iIAiLstAiWwUOleNCPuDqhhIX6eyNFgRDjwFWTeQwx6+Xif14/kf6FndIwTiQJ8fQhP2FQRjBvCXqUEyzZWBGEOVV/hXiIVDFSdVlVJZizkedJ57RuntUb941a87qsowL2wQE4AiY4B01wC1qgDTB4Bq/gHXxoL9qb9ql9TUcXtHJnD/yBNvkBEnihrg==</latexit>

Lij =
Aij

ki
� �ij

<latexit sha1_base64="k6nCMlvK8kWgJSR1AMqpMmRlcjc=">AAACGXicbZBLS8NAEMc3Pmt9RT16WSyCl5ZEinoR6uOg4KGCfUBby2a7aZduNmF3I5SQr+HFr+LFgyIe9eS3cZOmoK0DC7/9zwwz83cCRqWyrG9jbn5hcWk5t5JfXVvf2DS3tuvSDwUmNewzXzQdJAmjnNQUVYw0A0GQ5zDScIYXSb7xQISkPr9To4B0PNTn1KUYKS11TavtITXAiEU38WnKjhtdxvdR0Y4n37O4OMHruGsWrJKVBpwFO4MCyKLaNT/bPR+HHuEKMyRly7YC1YmQUBQzEufboSQBwkPUJy2NHHlEdqL0shjua6UHXV/oxxVM1d8dEfKkHHmOrkw2lNO5RPwv1wqVe9KJKA9CRTgeD3JDBpUPE5tgjwqCFRtpQFhQvSvEAyQQVtrMvDbBnj55FuqHJfuoVL4tFyrnmR05sAv2wAGwwTGogCtQBTWAwSN4Bq/gzXgyXox342NcOmdkPTvgTxhfP5beoUw=</latexit>

L = D�1A� I It is not symmetric, however
<latexit sha1_base64="rcvZBbVlgCrrvGxNDIr7FxWepL0="></latexit>

Lsym := D�1/2 (A�D)D�1/2

is symmetric and non-positive definite
<latexit sha1_base64="DUHiceygJlFM7TstoW9zkUtxq4U=">AAACJnicbVDLSsNAFJ34rPUVdelmsAhurEkp6kYo6sJFFxXsA9pYJtNJO3QyCTMToYR8jRt/xY2Liog7P8VJG6G2Hhg4nHMvc+5xQ0alsqwvY2l5ZXVtPbeR39za3tk19/YbMogEJnUcsEC0XCQJo5zUFVWMtEJBkO8y0nSHN6nffCJC0oA/qFFIHB/1OfUoRkpLXfOq4yM1wIjF1WTKXS++TR7jU/uslPwKVS3IkZ/MDqR+1yxYRWsCuEjsjBRAhlrXHHd6AY58whVmSMq2bYXKiZFQFDOS5DuRJCHCQ9QnbU058ol04smZCTzWSg96gdCPKzhRZzdi5Eud0tWTaU4576Xif147Ut6lE1MeRopwPP3IixhUAUw7gz0qCFZspAnCguqsEA+QQFjpZvO6BHv+5EXSKBXt82L5vlyoXGd15MAhOAInwAYXoALuQA3UAQbP4BWMwbvxYrwZH8bndHTJyHYOwB8Y3z/Ydqaf</latexit>

L = D�1/2LsymD1/2

hence they have the same eigenvalues

<latexit sha1_base64="F264BylrKq7FuPgCNPC8BI7xAPU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEiroRim5cuKhgH9CEMJlO2mknkzAzEUqIG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3Hj9mVCrL+jZKS8srq2vl9crG5tb2jrm715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP77O/c4DEZJG/F5NYuKGaMBpQDFSWvLMA0cmoTdyQqSGGLH0NvNSOsouLc+sWjVrCrhI7IJUQYGmZ345/QgnIeEKMyRlz7Zi5aZIKIoZySpOIkmM8BgNSE9TjkIi3XT6QQaPtdKHQSR0cQWn6u+JFIVSTkJfd+aXynkvF//zeokKLtyU8jhRhOPZoiBhUEUwjwP2qSBYsYkmCAuqb4V4iATCSodW0SHY8y8vkvZpzT6r1e/q1cZVEUcZHIIjcAJscA4a4AY0QQtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5A+chly8=</latexit>X

j

Lij = 0
<latexit sha1_base64="HM2B7os7DXKIofdzBO0zyc4x084=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIdVNmpKgboejGhYsK9gHtWDKZtA3NZIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMu9+b4MWdKO863lVtZXVvfyG8WtrZ3dov23n5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuq3HqlULBL3ehxTL8QDwfqMYG2knl3s3ppwgB/SsnsyuXR6dsmpODOgZeJmpAQZ6j37qxtEJAmp0IRjpTquE2svxVIzwumk0E0UjTEZ4QHtGCpwSJWXzg6foGOjBKgfSfOERjP190SKQ6XGoW+SIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdo2gIKmKRE87EhmEhmbkVkiCUm2nRVMCW4i19eJs3TintWqd5VS7WrrI48HMIRlMGFc6jBDdShAQQSeIZXeLOerBfr3fqYR3NWNnMAf2B9/gA8eZIs</latexit>

⇤(1) = 0
<latexit sha1_base64="/FxgFK0iqf0ehJil4ESRGP8k7+Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSK0UmoiRd0IRTcuK9gHNG2ZTKft0MkkztwUSsg/uPFX3LhQxK0bd/6N08dCqwcuHM65d+be44WcKbDtLyO1tLyyupZez2xsbm3vmLt7NRVEktAqCXggGx5WlDNBq8CA00YoKfY9Tuve8Hri10dUKhaIOxiHtOXjvmA9RjBoqWMeuyNKYjccsKQd55x8cplzCm43AFVw8m0XgvDEVfcSYpF0zKxdtKew/hJnTrJojkrH/NQPkcinAgjHSjUdO4RWjCUwwmmScSNFQ0yGuE+bmgrsU9WKpzcl1pFWulYvkLoEWFP150SMfaXGvqc7fQwDtehNxP+8ZgS9i1bMRBgBFWT2US/iFgTWJCCryyQlwMeaYCKZ3tUiAywxAR1jRofgLJ78l9ROi85ZsXRbypav5nGk0QE6RDnkoHNURjeogqqIoAf0hF7Qq/FoPBtvxvusNWXMZ/bRLxgf39EBnYU=</latexit>

~�(1) = (1, . . . , 1)>/
p
n

<latexit sha1_base64="HayfYKgufGbh019P18WD8Znmmq8=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQC8NuCGphEbSxsIhgHpCN4e7sbDJk9uHMrBCWFDb+io2FIrZ+hJ1/4+RRaOKBgcM553LnHjfmTCrL+jYyS8srq2vZ9dzG5tb2jrm715BRIgitk4hHouWCpJyFtK6Y4rQVCwqBy2nTHVyO/eYDFZJF4a0axrQTQC9kPiOgtNQ188flc+da5z24S4sO8LgPRyOH03tsdc2CVbImwIvEnpECmqHWNb8cLyJJQENFOEjZtq1YdVIQihFORzknkTQGMoAebWsaQkBlJ50cMcKHWvGwHwn9QoUn6u+JFAIph4GrkwGovpz3xuJ/XjtR/lknZWGcKBqS6SI/4VhFeNwI9pigRPGhJkAE03/FpA8CiNK95XQJ9vzJi6RRLtknpcpNpVC9mNWRRXl0gIrIRqeoiq5QDdURQY/oGb2iN+PJeDHejY9pNGPMZvbRHxifP89vlvE=</latexit>

�2 < ⇤(↵)  0
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="NoRLfO0evjH0DHm5nSj3HVNFQWY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyGoDZC0MYygnlANobZ2dlkyOyDmbtCsskP2PgrNhaK2Nrb+TdOHoUmHrhwOOde7r3HjQVXYFnfRmZpeWV1Lbue29jc2t4xd/dqKkokZVUaiUg2XKKY4CGrAgfBGrFkJHAFq7u967Fff2BS8Si8g37MWgHphNznlICW2uaR40tCU28wSj0YXTqKdwKCB6eOy4Dg4WB4X8SDtpm3CtYEeJHYM5JHM1Ta5pfjRTQJWAhUEKWathVDKyUSOBVslHMSxWJCe6TDmpqGJGCqlU6+GeFjrXjYj6SuEPBE/T2RkkCpfuDqzoBAV817Y/E/r5mAf9FKeRgnwEI6XeQnAkOEx9Fgj0tGQfQ1IVRyfSumXaLjAR1gTodgz7+8SGrFgn1WKN2W8uWrWRxZdIAO0Qmy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjFmM/voD4zPH5ZIm98=</latexit>

dz

dt
= �z � �|z|2z

<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Periodic solution
<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs="></latexit>

ẑ(t) =

r
�<
�<

ei!t
<latexit sha1_base64="zmgqo6DuZgwDYYvL5csUv1ydmjk=">AAACIHicbZDLSsNAFIYnXmu9RV26CRbBjSWRYt0IRTe6q2Iv0IQymZ60Q2eSMDMRSuijuPFV3LhQRHf6NE7TCNp6YODj/8/hzPn9mFGpbPvTWFhcWl5ZLawV1zc2t7bNnd2mjBJBoEEiFom2jyUwGkJDUcWgHQvA3GfQ8oeXE791D0LSKLxToxg8jvshDSjBSktds+pGHPr43JW0z3HXvebHrg8qIzcQmKQ/zi2M09zS2DVLdtnOypoHJ4cSyqveNT/cXkQSDqEiDEvZcexYeSkWihIG46KbSIgxGeI+dDSGmIP00uzAsXWolZ4VREK/UFmZ+nsixVzKEfd1J8dqIGe9ifif10lUcOalNIwTBSGZLgoSZqnImqRl9agAothIAyaC6r9aZIB1LEpnWtQhOLMnz0PzpOyclis3lVLtIo+jgPbRATpCDqqiGrpCddRABD2gJ/SCXo1H49l4M96nrQtGPrOH/pTx9Q38JKQh</latexit>

! = �= � �=
�<
�<
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="NoRLfO0evjH0DHm5nSj3HVNFQWY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMeyGoDZC0MYygnlANobZ2dlkyOyDmbtCsskP2PgrNhaK2Nrb+TdOHoUmHrhwOOde7r3HjQVXYFnfRmZpeWV1Lbue29jc2t4xd/dqKkokZVUaiUg2XKKY4CGrAgfBGrFkJHAFq7u967Fff2BS8Si8g37MWgHphNznlICW2uaR40tCU28wSj0YXTqKdwKCB6eOy4Dg4WB4X8SDtpm3CtYEeJHYM5JHM1Ta5pfjRTQJWAhUEKWathVDKyUSOBVslHMSxWJCe6TDmpqGJGCqlU6+GeFjrXjYj6SuEPBE/T2RkkCpfuDqzoBAV817Y/E/r5mAf9FKeRgnwEI6XeQnAkOEx9Fgj0tGQfQ1IVRyfSumXaLjAR1gTodgz7+8SGrFgn1WKN2W8uWrWRxZdIAO0Qmy0TkqoxtUQVVE0SN6Rq/ozXgyXox342PamjFmM/voD4zPH5ZIm98=</latexit>

dz

dt
= �z � �|z|2z

<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Periodic solution
<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs="></latexit>

ẑ(t) =

r
�<
�<

ei!t
<latexit sha1_base64="zmgqo6DuZgwDYYvL5csUv1ydmjk=">AAACIHicbZDLSsNAFIYnXmu9RV26CRbBjSWRYt0IRTe6q2Iv0IQymZ60Q2eSMDMRSuijuPFV3LhQRHf6NE7TCNp6YODj/8/hzPn9mFGpbPvTWFhcWl5ZLawV1zc2t7bNnd2mjBJBoEEiFom2jyUwGkJDUcWgHQvA3GfQ8oeXE791D0LSKLxToxg8jvshDSjBSktds+pGHPr43JW0z3HXvebHrg8qIzcQmKQ/zi2M09zS2DVLdtnOypoHJ4cSyqveNT/cXkQSDqEiDEvZcexYeSkWihIG46KbSIgxGeI+dDSGmIP00uzAsXWolZ4VREK/UFmZ+nsixVzKEfd1J8dqIGe9ifif10lUcOalNIwTBSGZLgoSZqnImqRl9agAothIAyaC6r9aZIB1LEpnWtQhOLMnz0PzpOyclis3lVLtIo+jgPbRATpCDqqiGrpCddRABD2gJ/SCXo1H49l4M96nrQtGPrOH/pTx9Q38JKQh</latexit>

! = �= � �=
�<
�<

Stability
<latexit sha1_base64="4m10tAeRxQCzRcoa67J6xPCaXm8=">AAACHHicbZDLSsNAFIYn9V5vUZdugkVoEUqiRd0IohuXClaFJpbJ9KQZOrkwcyLU0Adx46u4caGIGxeCb+O0ZqGtPwx8859zmDm/nwqu0La/jNLU9Mzs3PxCeXFpeWXVXFu/UkkmGTRZIhJ541MFgsfQRI4CblIJNPIFXPu902H9+g6k4kl8if0UvIh2Yx5wRlFbbXPvvoq1IzekmN8PNLoCAqw6O64Mk+FV8m6INbjNuYshINXeoG1W7Lo9kjUJTgEVUui8bX64nYRlEcTIBFWq5dgpejmVyJmAQdnNFKSU9WgXWhpjGoHy8tFyA2tbOx0rSKQ+MVoj9/dETiOl+pGvOyOKoRqvDc3/aq0Mg0Mv53GaIcTs56EgExYm1jApq8MlMBR9DZRJrv9qsZBKylDnWdYhOOMrT8LVbt3ZrzcuGpXjkyKOebJJtkiVOOSAHJMzck6ahJEH8kReyKvxaDwbb8b7T2vJKGY2yB8Zn99YoqDx</latexit>

z(t) = ẑ(t) (1 + ⇢(t)) ei✓(t)

<latexit sha1_base64="jKa046Wu9czd2FJWDp7APIf9kw0=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QriWbZtvQbLIkWaVs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMY3kz95iNVmklxb0Yx9SPcFyxkBBsrPYw7aiBL5mzc4Rx53ULRLbszoGXiZaQIGWrdwlenJ0kSUWEIx1q3PTc2foqVYYTTSb6TaBpjMsR92rZU4IhqP51dPUGnVumhUCpbwqCZ+nsixZHWoyiwnRE2A73oTcX/vHZiwis/ZSJODBVkvihMODISTSNAPaYoMXxkCSaK2VsRGWCFibFB5W0I3uLLy6RxXvYuypW7SrF6ncWRg2M4gRJ4cAlVuIUa1IGAgmd4hTfnyXlx3p2PeeuKk80cwR84nz+lDZH2</latexit>

|⇢(t)| ⌧ 1
<latexit sha1_base64="OnUV19q3N/2222p3hAxdxW5nlcM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiRT0WvXisYD+gCWWz3bRLN5uwOymUtP/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt1XY2Nza3inulvb2Dw6P7OOTlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdD/322OmNI/lE0wS5kdkIHnIKQEj9Wx76sGQAanA5dQTArs9u+xUnQXwOnFzUkY5Gj37y+vHNI2YBCqI1l3XScDPiAJOBZuVvFSzhNARGbCuoZJETPvZ4vIZvjBKH4exMiUBL9TfExmJtJ5EgemMCAz1qjcX//O6KYS3fsZlkgKTdLkoTAWGGM9jwH2uGAUxMYRQxc2tmA6JIhRMWCUTgrv68jppXVXd62rtsVau3+VxFNEZOkcV5KIbVEcPqIGaiKIxekav6M3KrBfr3fpYthasfOYU/YH1+QOpkJMI</latexit>

|✓(t)| ⌧ 1

<latexit sha1_base64="Woyz8U6NOF4LWIMDz25ZcqsV/XQ="></latexit>

d

dt

✓
⇢

✓

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢

✓

◆ <latexit sha1_base64="iq6N6bY2xEaCBZFWG1+wDrAzN1s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYj+gCWWznbRLN5uwuxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpk4yxbDBEpGodkg1Ci6xYbgR2E4V0jgU2AqHt1O/9YRK80Q+mlGKQUz7kkecUWMl39e8H9Ou/4DXbrdccavuDGSZeDmpQI56t/zl9xKWxSgNE1TrjuemJhhTZTgTOCn5mcaUsiHtY8dSSWPUwXh284ScWKVHokTZkobM1N8TYxprPYpD2xlTM9CL3lT8z+tkJroKxlymmUHJ5ouiTBCTkGkApMcVMiNGllCmuL2VsAFVlBkbU8mG4C2+vEyaZ1Xvonp+f16p3eRxFOEIjuEUPLiEGtxBHRrAIIVneIU3J3NenHfnY95acPKZQ/gD5/MHaJKRSA==</latexit>

�< > 0
<latexit sha1_base64="GH9T+oByVfA8UTI6G3QMNVlgV5w=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kmKXjxWsR+QhLLZTtqlm03YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSq4Rsf5tkorq2vrG+XNytb2zu5edf+grZNMMWixRCSqG1INgktoIUcB3VQBjUMBnXB0O/U7T6A0T+QjjlMIYjqQPOKMopE8PwSkPf8Brp1etebUnRnsZeIWpEYKNHvVL7+fsCwGiUxQrT3XSTHIqULOBEwqfqYhpWxEB+AZKmkMOshnJ0/sE6P07ShRpiTaM/X3RE5jrcdxaDpjikO96E3F/zwvw+gqyLlMMwTJ5ouiTNiY2NP/7T5XwFCMDaFMcXOrzYZUUYYmpYoJwV18eZm0z+ruRf38/rzWuCniKJMjckxOiUsuSYPckSZpEUYS8kxeyZuF1ov1bn3MW0tWMXNI/sD6/AGNP5DJ</latexit>

�< > 0
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Coupling
<latexit sha1_base64="FGp72wbNOiCsJv9TaKFIoLutds0="></latexit>

dzj
dt

=
�

kj

X

`

Aj`z` � �zj |zj |2

<latexit sha1_base64="2eiilZlRcjWYQyATnzj6vwZGiYs="></latexit>

dzj
dt

= �
X

`

Lj`z` + �zj � �zj |zj |2

<latexit sha1_base64="YkJB37CAIC8HPNJsaI/WjGWq6RA=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMlKJuhKIblxXsBTq1ZDKZNjZzITkj1Om8hBtfxY0LRdwK7nwb08tCW38IfPnPOSTndyLBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomw5RTPCA1YCDYM1IMuI7gjWc/uWo3rhnUvEwuIFBxNo+6Qbc45SAtjr5I9uThCbuQ+cuTVxIz23Fuz7B+n5sOwwIHmoc3pZGTidfMIvmWHgerCkU0FTVTv7LdkMa+ywAKohSLcuMoJ0QCZwKlubsWLGI0D7pspbGgPhMtZPxVik+0I6LvVDqEwAeu78nEuIrNfAd3ekT6KnZ2sj8r9aKwTtrJzyIYmABnTzkxQJDiEcRYZdLRkEMNBAquf4rpj2iYwIdZE6HYM2uPA/1UtE6KZavy4XKxTSOLNpD++gQWegUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w//p59T</latexit>

dzj
dt

= �zj � �|zj |2zj
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A second relevant example : the Stuart-Landau
<latexit sha1_base64="o1suhASaHxERNiGEG9oVYEPoHxE=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEQSgzUtSNUHSjuyr2Ap1hyKSZNjTJDElGKENXbnwVNy4UceszuPNtTNsRtPVAyMf/n0Ny/jBhVGnH+bLm5hcWl5YLK8XVtfWNTXtru6HiVGJSxzGLZStEijAqSF1TzUgrkQTxkJFm2L8c+c17IhWNxZ0eJMTnqCtoRDHSRgrsPU/RLkfnkyvwbskR/eFrHtglp+yMC86Cm0MJ5FUL7E+vE+OUE6ExQ0q1XSfRfoakppiRYdFLFUkQ7qMuaRsUiBPlZ+M1hvDAKB0YxdIcoeFY/T2RIa7UgIemkyPdU9PeSPzPa6c6OvMzKpJUE4EnD0UpgzqGo0xgh0qCNRsYQFhS81eIe0girE1yRROCO73yLDSOy+5JuXJTKVUv8jgKYBfsg0PgglNQBVegBuoAgwfwBF7Aq/VoPVtv1vukdc7KZ3bAn7I+vgH5gJjR</latexit>

� = �< + i�=
<latexit sha1_base64="/ECnPDAB9JmyYT/W71zbE6iUuFQ=">AAACA3icbZDLSsNAFIYn9VbrLepON8EiCEJJpKgboehGd1XsBdoQJtOTduhkEmYmQgkFN76KGxeKuPUl3Pk2TtMstPXADB//fw4z5/djRqWy7W+jsLC4tLxSXC2trW9sbpnbO00ZJYJAg0QsEm0fS2CUQ0NRxaAdC8Chz6DlD68mfusBhKQRv1ejGNwQ9zkNKMFKS5651/VB4Yvs9rp3cExzvAk9s2xX7KyseXByKKO86p751e1FJAmBK8KwlB3HjpWbYqEoYTAudRMJMSZD3IeORo5DkG6a7TC2DrXSs4JI6MOVlam/J1IcSjkKfd0ZYjWQs95E/M/rJCo4d1PK40QBJ9OHgoRZKrImgVg9KoAoNtKAiaD6rxYZYIGJ0rGVdAjO7Mrz0DypOKeV6m21XLvM4yiifXSAjpCDzlANXaM6aiCCHtEzekVvxpPxYrwbH9PWgpHP7KI/ZXz+AFMEl1Q=</latexit>

� = �< + i�=

Coupling
<latexit sha1_base64="FGp72wbNOiCsJv9TaKFIoLutds0="></latexit>

dzj
dt

=
�

kj

X

`

Aj`z` � �zj |zj |2

<latexit sha1_base64="2eiilZlRcjWYQyATnzj6vwZGiYs="></latexit>

dzj
dt

= �
X

`

Lj`z` + �zj � �zj |zj |2

<latexit sha1_base64="YkJB37CAIC8HPNJsaI/WjGWq6RA=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMlKJuhKIblxXsBTq1ZDKZNjZzITkj1Om8hBtfxY0LRdwK7nwb08tCW38IfPnPOSTndyLBFZjmt5FZWFxaXsmu5tbWNza38ts7dRXGkrIaDUUomw5RTPCA1YCDYM1IMuI7gjWc/uWo3rhnUvEwuIFBxNo+6Qbc45SAtjr5I9uThCbuQ+cuTVxIz23Fuz7B+n5sOwwIHmoc3pZGTidfMIvmWHgerCkU0FTVTv7LdkMa+ywAKohSLcuMoJ0QCZwKlubsWLGI0D7pspbGgPhMtZPxVik+0I6LvVDqEwAeu78nEuIrNfAd3ekT6KnZ2sj8r9aKwTtrJzyIYmABnTzkxQJDiEcRYZdLRkEMNBAquf4rpj2iYwIdZE6HYM2uPA/1UtE6KZavy4XKxTSOLNpD++gQWegUVdAVqqIaougRPaNX9GY8GS/Gu/Exac0Y05ld9EfG5w//p59T</latexit>

dzj
dt

= �zj � �|zj |2zj

is also a solution of the coupled system

<latexit sha1_base64="eyQ8HjiyObaykKlLM4MFy+PbGqs=">AAACJHicbZBNaxsxEIa1SZO6zked9tiLqAkkF7MbQhoohdBcenRLnQQsx8zKs7aItLuRZguO2B+TS/5KLz30gx566W+p/HFok74geHhnhtG8aamVozj+Fa2sPlpbf9x40tzY3Np+2tp5duaKykrsyUIX9iIFh1rl2CNFGi9Ki2BSjefp1emsfv4JrVNF/pGmJQ4MjHOVKQkUrGHrtZgA+Zt6j/bfCHdtyYvMgvTCqbGBofiAtR cp0gJrvPRKFAbHwKkettpxJ56LP4RkCW22VHfY+i5GhawM5iQ1ONdP4pIGHiwpqbFuisphCfIKxtgPmINBN/DzI2u+G5wRzwobXk587v494cE4NzVp6DRAE3e/NjP/V+tXlB0PvMrLijCXi0VZpTkVfJYYHymLkvQ0AEirwl+5nEAIiUKuzRBCcv/kh3B20EmOOofvD9snb5dxNNgL9pLtsYS9YifsHeuyHpPsln1mX9m36C76Ev2Ifi5aV6LlzHP2j6LffwBWGKZ7</latexit>

ẑ(t) =

r
�<
�<

ei!t
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Stability
<latexit sha1_base64="Lx1n74FgQSWfg043J7st01TXZIM=">AAACInicbZDLSsNAFIYnXmu9RV26CRahIpRExMtCKLpxWcGq0NQymZ40YycXZk6EGvIsbnwVNy4UdSX4ME7TLrwdGPj4/3M4c34vEVyhbX8YE5NT0zOzpbny/MLi0rK5snqh4lQyaLJYxPLKowoEj6CJHAVcJRJo6Am49PonQ//yFqTicXSOgwTaIe1F3OeMopY65uFd56aKW0duQDG7yzW6AnysOtuuDOLCcyXvBbgF1xl3MQCkhZp3zIpds4uy/oIzhgoZV6NjvrndmKUhRMgEVarl2Am2MyqRMwF52U0VJJT1aQ9aGiMagmpnxYm5tamVruXHUr8IrUL9PpHRUKlB6OnOkGKgfntD8T+vlaJ/0M54lKQIERst8lNhYWwN87K6XAJDMdBAmeT6rxYLqKQMdaplHYLz++S/cLFTc/Zqu2e7lfrxOI4SWScbpEocsk/q5JQ0SJMwck8eyTN5MR6MJ+PVeB+1ThjjmTXyo4zPL0RYo4g=</latexit>

zj(t) = ẑ(t) (1 + ⇢j(t)) e
i✓j(t)

<latexit sha1_base64="KSd71f/sZRREKqPVGgVXRsJhZhM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oQphMJ+3YyYOZG7Gk/RU3LhRx64+482+ctllo64ELh3Pu5d57/ERwBZb1bRTW1jc2t4rbpZ3dvf0D87DcVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcf3cz8ziOTisfRPYwT5oZkEPGAUwJa8szyxIEhA+I9VOFs4giBbc+sWDVrDrxK7JxUUI6mZ345/ZimIYuACqJUz7YScDMigVPBpiUnVSwhdEQGrKdpREKm3Gx++xSfaqWPg1jqigDP1d8TGQmVGoe+7gwJDNWyNxP/83opBFduxqMkBRbRxaIgFRhiPAsC97lkFMRYE0Il17diOiSSUNBxlXQI9vLLq6R9XrMvavW7eqVxncdRRMfoBFWRjS5RA92iJmohip7QM3pFb8bUeDHejY9Fa8HIZ47QHxifPzHik+U=</latexit>

|✓j(t)| ⌧ 1
<latexit sha1_base64="B3Jy0IaNW85xZ0FYC9sn5Uocjhc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mkqMeiF48V7Ac0IWy223btJht2N4WS9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weH9tFxU4lUEtogggvZDrGinMW0oZnmtJ1IiqOQ01Y4vJv5rRGVion4UY8T6ke4H7MeI1gbKbDtiScHIngq64uJxzlyA7vkVJw50Cpxc1KCHPXA/vK6gqQRjTXhWKmO6yTaz7DUjHA6LXqpogkmQ9ynHUNjHFHlZ/PLp+jcKF3UE9JUrNFc/T2R4UipcRSazgjrgVr2ZuJ/XifVvRs/Y3GSahqTxaJeypEWaBYD6jJJieZjQzCRzNyKyABLTLQJq2hCcJdfXiXNy4p7Vak+VEu12zyOApzCGZTBhWuowT3UoQEERvAMr/BmZdaL9W59LFrXrHzmBP7A+vwBo1OTBA==</latexit>

|⇢j(t)| ⌧ 1

<latexit sha1_base64="n8mMJMGvIVQ2Z+b/6zafmOjiFzE="></latexit>

d

dt

✓
⇢j
✓j

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢j
✓j

◆
+

X

`

Lj`

✓
�< ��=
�= �<

◆✓
⇢`
✓`

◆
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Stability
<latexit sha1_base64="Lx1n74FgQSWfg043J7st01TXZIM=">AAACInicbZDLSsNAFIYnXmu9RV26CRahIpRExMtCKLpxWcGq0NQymZ40YycXZk6EGvIsbnwVNy4UdSX4ME7TLrwdGPj4/3M4c34vEVyhbX8YE5NT0zOzpbny/MLi0rK5snqh4lQyaLJYxPLKowoEj6CJHAVcJRJo6Am49PonQ//yFqTicXSOgwTaIe1F3OeMopY65uFd56aKW0duQDG7yzW6AnysOtuuDOLCcyXvBbgF1xl3MQCkhZp3zIpds4uy/oIzhgoZV6NjvrndmKUhRMgEVarl2Am2MyqRMwF52U0VJJT1aQ9aGiMagmpnxYm5tamVruXHUr8IrUL9PpHRUKlB6OnOkGKgfntD8T+vlaJ/0M54lKQIERst8lNhYWwN87K6XAJDMdBAmeT6rxYLqKQMdaplHYLz++S/cLFTc/Zqu2e7lfrxOI4SWScbpEocsk/q5JQ0SJMwck8eyTN5MR6MJ+PVeB+1ThjjmTXyo4zPL0RYo4g=</latexit>

zj(t) = ẑ(t) (1 + ⇢j(t)) e
i✓j(t)

<latexit sha1_base64="KSd71f/sZRREKqPVGgVXRsJhZhM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oQphMJ+3YyYOZG7Gk/RU3LhRx64+482+ctllo64ELh3Pu5d57/ERwBZb1bRTW1jc2t4rbpZ3dvf0D87DcVnEqKWvRWMSy6xPFBI9YCzgI1k0kI6EvWMcf3cz8ziOTisfRPYwT5oZkEPGAUwJa8szyxIEhA+I9VOFs4giBbc+sWDVrDrxK7JxUUI6mZ345/ZimIYuACqJUz7YScDMigVPBpiUnVSwhdEQGrKdpREKm3Gx++xSfaqWPg1jqigDP1d8TGQmVGoe+7gwJDNWyNxP/83opBFduxqMkBRbRxaIgFRhiPAsC97lkFMRYE0Il17diOiSSUNBxlXQI9vLLq6R9XrMvavW7eqVxncdRRMfoBFWRjS5RA92iJmohip7QM3pFb8bUeDHejY9Fa8HIZ47QHxifPzHik+U=</latexit>

|✓j(t)| ⌧ 1
<latexit sha1_base64="B3Jy0IaNW85xZ0FYC9sn5Uocjhc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mkqMeiF48V7Ac0IWy223btJht2N4WS9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zba2tb2xubRd2irt7+weH9tFxU4lUEtogggvZDrGinMW0oZnmtJ1IiqOQ01Y4vJv5rRGVion4UY8T6ke4H7MeI1gbKbDtiScHIngq64uJxzlyA7vkVJw50Cpxc1KCHPXA/vK6gqQRjTXhWKmO6yTaz7DUjHA6LXqpogkmQ9ynHUNjHFHlZ/PLp+jcKF3UE9JUrNFc/T2R4UipcRSazgjrgVr2ZuJ/XifVvRs/Y3GSahqTxaJeypEWaBYD6jJJieZjQzCRzNyKyABLTLQJq2hCcJdfXiXNy4p7Vak+VEu12zyOApzCGZTBhWuowT3UoQEERvAMr/BmZdaL9W59LFrXrHzmBP7A+vwBo1OTBA==</latexit>

|⇢j(t)| ⌧ 1

<latexit sha1_base64="n8mMJMGvIVQ2Z+b/6zafmOjiFzE="></latexit>

d

dt

✓
⇢j
✓j

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆✓
⇢j
✓j

◆
+

X

`

Lj`

✓
�< ��=
�= �<

◆✓
⇢`
✓`

◆

Use the Laplace eigenbasis
<latexit sha1_base64="QmMV+BmlNtQIYMqWJYueKpG8FTY=">AAACGHicbZC7TsMwFIYdrqXcAowsFhVSWUqCKmBBqmBhLBK9SE0aOa7TuHUush2kKupjsPAqLAwgxNqNt8FpMkDLL1n6/J9zZJ/fjRkV0jC+tZXVtfWNzdJWeXtnd29fPzhsiyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vsvqnSfCBY3CRzmJiR2gYUg9ipFUlqOfW9yPnNGNJZLAsRCLfZQ5/RyhFfvUGfXTan4/mzp6xagZc8FlMAuogEJNR59ZgwgnAQklZkiInmnE0k4RlxQzMi1biSAxwmM0JD2FIQqIsNP5YlN4qpwB9CKuTijh3P09kaJAiEngqs4ASV8s1jLzv1ovkd61ndIwTiQJcf6QlzAoI5ilBAeUEyzZRAHCnKq/QuwjjrBUWZZVCObiysvQvqiZl7X6Q73SuC3iKIFjcAKqwARXoAHuQRO0AAbP4BW8gw/tRXvTPrWvvHVFK2aOwB9psx9hy6Cb</latexit>

⇢j =
X

↵

⇢↵�(↵)
j

<latexit sha1_base64="8sTGbjz+Gh7pkeow3P2k+Yb8FaI=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBDiJexqUC9C0IvHCCYK2WTpnUzcMbMPZnqFsORDvPgrXjwo4sWD4N84yebgq2Cguqqbni4/kUKjbX9aM7Nz8wuLhaXi8srq2nppY7Ol41Qx3mSxjNW1D5pLEfEmCpT8OlEcQl/yK39wNvav7rjSIo4ucZjwTgg3kegLBmgkr3TgYsARvNsTV6eh54JMAsi1bl5QNwmEd9vNKnm9N/JKZbtqT0D/EmdKymSKhld6d3sxS0MeIZOgdduxE+xkoFAwyUdFN9U8ATaAG942NIKQ6042OW5Ed43So/1YmRchnajfJzIItR6GvukMAQP92xuL/3ntFPvHnUxESYo8YvmifiopxnScFO0JxRnKoSHAlDB/pSwABQxNnkUTgvP75L+ktV91Dqu1i1q5fjqNo0C2yQ6pEIcckTo5Jw3SJIzck0fyTF6sB+vJerXe8tYZazqzRX7A+vgCspSiXQ==</latexit>

✓j =
X

↵

✓↵�(↵)
j

<latexit sha1_base64="telLM+6/HBPSjqCHy0nQyO44+DI="></latexit>

d

dt

✓
⇢↵
✓↵

◆
=

✓
�2�< 0

�2�=
�<
�<

0

◆
+ ⇤(↵)

✓
�< ��=
�= �<

◆�✓
⇢↵
✓↵

◆

<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {
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<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0 for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
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<latexit sha1_base64="v+qB3AldSD41BT3FpmAsJwipGJs=">AAACJnicbVDLSgMxFM3UV62vqks3wSJUhDJTiroRim5EXFSwD+jU4U4m04ZmHiQZoQz9Gjf+ihsXFRF3forpY1FbDwQO59x7c+9xY86kMs1vI7Oyura+kd3MbW3v7O7l9w8aMkoEoXUS8Ui0XJCUs5DWFVOctmJBIXA5bbr9m7HffKZCsih8VIOYdgLohsxnBJSWnPyVHYDquX56N3Rs4HEP5hXzzL7Xszx4SotT93Q4Z5edfMEsmRPgZWLNSAHNUHPyI9uLSBLQUBEOUrYtM1adFIRihNNhzk4kjYH0oUvbmoYQUNlJJ2cO8YlWPOxHQr9Q4Yk635FCIOUgcHXleEe56I3F/7x2ovzLTsrCOFE0JNOP/IRjFeFxZthjghLFB5oAEUzvikkPBBClk83pEKzFk5dJo1yyzkuVh0qhej2LI4uO0DEqIgtdoCq6RTVURwS9oDc0Qh/Gq/FufBpf09KMMes5RH9g/PwCL76mNQ==</latexit>

J↵ = J0 + ⇤(↵)J2

<latexit sha1_base64="t7LOV/BuEOPbJU3I3WpgTby7IYg=">AAACQXicbVA9SwNBFNzz2/gVtbRZDEJEDHciaiOINmIVwZhALoZ3e3tmyd4Hu++EcOSv2fgP7OxtLBSxtXGTXGGiAwvDzDze2/ESKTTa9os1NT0zOze/sFhYWl5ZXSuub9zqOFWM11gsY9XwQHMpIl5DgZI3EsUh9CSve92LgV9/4EqLOLrBXsJbIdxHIhAM0EjtYsOVJuxD2wWZdODuYH9coG4I2FFhhqpfHnIvyK76ubu75/oc/9FP7XaxZFfsIehf4uSkRHJU28Vn149ZGvIImQStm46dYCsDhYJJ3i+4qeYJsC7c86ahEYRct7JhA326YxSfBrEyL0I6VH9PZBBq3Qs9kxzcqie9gfif10wxOGllIkpS5BEbLQpSSTGmgzqpLxRnKHuGAFPC3EpZBxQwNKUXTAnO5Jf/ktuDinNUObw+LJ2d53UskC2yTcrEIcfkjFySKqkRRh7JK3knH9aT9WZ9Wl+j6JSVz2ySMVjfPyx6sTU=</latexit>

�2
↵ � �↵tr(J↵) + det(J↵) = 0

instability
<latexit sha1_base64="GZI0jWStvLYEmjpogee4Z22DCHY="></latexit>

tr(J↵) � 0 or det(J↵)  0

but

for some <latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

<latexit sha1_base64="s+SPjlQQs159pZtXGVNInw3/ALo="></latexit>

tr(J↵) = tr(J0) + ⇤(↵)2�< < tr(J0) < 0

<latexit sha1_base64="YH3MK3Oms0JKmbyaJy4zNnhJjWo="></latexit>

⇤(↵) >
2�<

�2
< + �2

=

✓
�< +

�=�=
�<

◆

<latexit sha1_base64="4p57gMLn8ptl7r6EWw1aZnPhLz4=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIglhmpKgLF0U3uqvFXqAzDJn0tA1NZoYkI5TSh3Djq7hxoYhbF+58G9N2BG39IfDznXM4OX8Qc6a0bX9ZmYXFpeWV7GpubX1jcyu/vVNXUSIp1GjEI9kMiALOQqhppjk0YwlEBBwaQf9qXG/cg1QsCu/0IAZPkG7IOowSbZCfP3IV6wriuzfCDUBPDL7Axz+4CjjlVfDzBbtoT4TnjZOaAkpV8fOfbjuiiYBQU06Uajl2rL0hkZpRDqOcmyiICe2TLrSMDYkA5Q0nR43wgSFt3ImkeaHGE/p7YkiEUgMRmE5BdE/N1sbwv1or0Z1zb8jCONEQ0umiTsKxjvA4IdxmEqjmA2MIlcz8FdMekYRqk2POhODMnjxv6idF57RYui0VypdpHFm0h/bRIXLQGSqja1RBNUTRA3pCL+jVerSerTfrfdqasdKZXfRH1sc3TiWduw==</latexit>

�=�= < ��<�<
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<latexit sha1_base64="3ozbaTmwCsFY6u1iaqX1HROxD1s=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIrgqiRR1Uyi6cVnFXqAJYTI9aYdOLsxMhBK68VXcuFDErY/hzrdxmmahrT8MfPznHM6c3084k8qyvo3Syura+kZ5s7K1vbO7Z+4fdGScCgptGvNY9HwigbMI2oopDr1EAAl9Dl1/fDOrdx9BSBZHD2qSgBuSYcQCRonSlmceOZINQ+I594Abjg8qx4btmVWrZuXCy2AXUEWFWp755QximoYQKcqJlH3bSpSbEaEY5TCtOKmEhNAxGUJfY0RCkG6WHzDFp9oZ4CAW+kUK5+7viYyEUk5CX3eGRI3kYm1m/lfrpyq4cjMWJamCiM4XBSnHKsazNPCACaCKTzQQKpj+K6YjIghVOrOKDsFePHkZOuc1+6JWv6tXm9dFHGV0jE7QGbLRJWqiW9RCbUTRFD2jV/RmPBkvxrvxMW8tGcXMIfoj4/MHdeGVrg==</latexit>

�< = �< = 1

<latexit sha1_base64="2B4IRaaeD3npfJdMBvSgjn8Ocrg=">AAACG3icbZDLSsNAFIYn9VbrrerSTbAIglCSUtSNUHSju1rsBZoQJtOTduhMEmYmQgl9Dze+ihsXirgSXPg2TtsI2vrDwMd/zuHM+f2YUaks68vILS2vrK7l1wsbm1vbO8XdvZaMEkGgSSIWiY6PJTAaQlNRxaATC8DcZ9D2h1eTevsehKRReKdGMbgc90MaUIKVtrxixZG0z7HnNODECQQm6Y9xwx0f1BTGaYYNGF9YXrFkla2pzEWwMyihTHWv+OH0IpJwCBVhWMqubcXKTbFQlDAYF5xEQozJEPehqzHEHKSbTm8bm0fa6ZlBJPQLlTl1f0+kmEs54r7u5FgN5HxtYv5X6yYqOHdTGsaJgpDMFgUJM1VkToIye1QAUWykARNB9V9NMsA6IaXjLOgQ7PmTF6FVKdun5epttVS7zOLIowN0iI6Rjc5QDV2jOmoigh7QE3pBr8aj8Wy8Ge+z1pyRzeyjPzI+vwGGVqG4</latexit>

�< +
�=�=
�<

= 0

Lattice (k=6) Watts-Strogatz (k=6)
Cencetti G et al. 2020 Generalized patterns from local and non local reactions, Chaos 134, 109707 
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Dynamical Systems on Network

Master 
Stability 
Function

Chaotic 
behaviour
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Beyond networks
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Multiplexes / Multilayers

Social networks

layers=different social networks

nodes=same agent in each SN

Transportation networks

layers=different modalities

nodes=same spatial location

(a)

(b)

(c)



www.unamur.be timoteo.carletti@unamur.be

Multiplexes / Multilayers

Asllani M et al. 2014 Turing patterns in multiplex networks. Phys Rev E 90, 042814 

supra-Laplace matrix
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Time varying networks
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Time varying networks
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Time varying networks

Petit J et al. 2017 Theory of Turing patterns on time varying networks. 

Phys Rev L 119, 148301 

Theory of average
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Simplicial complexes

d-simplex = d+1 nodes 

(all linked together)

1-simplex = link
2-simplex = triangle

3-simplex = tetrahedron

Simplicial complexes
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Simplicial complexes

d-simplex = d+1 nodes 

(all linked together)

1-simplex = link
2-simplex = triangle

3-simplex = tetrahedron

Hypergraphs

hyperedge = set of nodes

Simplicial complexes and Hypergraphs
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Hypergraphs

ensemble of nodes
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Hypergraphs

hyperedges = set of nodes

ensemble of nodes

|E↵2 | = 3

<latexit sha1_base64="YlX7HzkwzecVWyOK5LkknHYZms8=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQpJGrAuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtZ7LhcM59zJ3TpgyKpVtfxorq2vrG5uFreL2zu7evnlw2JBJJjCp44QlohUiSRjlpK6oYqSVCoLikJFmOLiZ+s0hEZIm/EGNUuLHqMdpRDFSWgpMc3wb5B3E0j4K3Mn4qhyYJdvyXM+tVKBtnZddXdCx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjmCs7Unxs5iqUcxaGejJHqy7/eVPzPa2cqqvg55WmmCMfzh6KMQZXAaQywSwXBio00QVhQfSvEfSQQVjqsog5h6cvLpOFajmdd3nul6vUijgI4BifgDDjgAlTBHaiBOsBgCB7BM3gxcuPJeDXe5qMrxmLnCPyC8f4FVVSTfQ==</latexit>

|E↵1 | = 2

<latexit sha1_base64="DzJ3Zn9QV7efcmne2UaXK+8nxk4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQhJSrQuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtR64cDjnXu69J0wZlcq2P42V1bX1jc3CVnF7Z3dv3zw4bMgkE5jUccIS0QqRJIxyUldUMdJKBUFxyEgzHNxM/eaQCEkT/qBGKfFj1OM0ohgpLQWmOb4N8g5iaR8FzmR85QZmybYqZdtzy1ATz3HPy9Cx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjiCs7UnxM5iqUcxaHujJHqy7/eVPzPa2cqqvg55WmmCMfzRVHGoErgNAbYpYJgxUaaICyovhXiPhIIKx1WUYew9PIyabiW41mX916per2IowCOwQk4Aw64AFVwB2qgDjAYgkfwDF6M3HgyXo23eeuKsZg5Ar9gvH8BWAiTfw==</latexit>

|E↵3 | = 1

<latexit sha1_base64="de7UuOj6tN8PdqiLt9QCd5qgRYE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRJttVkIRRFcVrAPaEOYTCft0MkkzEwKJe2fuHGhiFv/xJ1/4/RBUdEDFw7n3Mu99wQJo1LZ9qeRW1ldW9/Ibxa2tnd298z9g4aMU4FJHccsFq0AScIoJ3VFFSOtRBAUBYw0g8HN1G8OiZA05g9qlBAvQj1OQ4qR0pJvmuNbP+sglvSRfz4ZXzm+WbQt162cuzZ0LHsGaFvlcsW9KC2VIlig5psfnW6M04hwhRmSsu3YifIyJBTFjEwKnVSSBOEB6pG2phxFRHrZ7PIJPNFKF4ax0MUVnKnfJzIUSTmKAt0ZIdWXv72p+JfXTlVY8TLKk1QRjueLwpRBFcNpDLBLBcGKjTRBWFB9K8R9JBBWOqyCDmH5+/+kcWY5Jcu9LxWr14s48uAIHINT4IBLUAV3oAbqAIMheATP4MXIjCfj1Xibt+aMxcwh+AHj/Qt9CJOZ</latexit>
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Hypergraphs

hyperedges

ensemble of nodes

|E↵2 | = 3

<latexit sha1_base64="YlX7HzkwzecVWyOK5LkknHYZms8=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQpJGrAuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtZ7LhcM59zJ3TpgyKpVtfxorq2vrG5uFreL2zu7evnlw2JBJJjCp44QlohUiSRjlpK6oYqSVCoLikJFmOLiZ+s0hEZIm/EGNUuLHqMdpRDFSWgpMc3wb5B3E0j4K3Mn4qhyYJdvyXM+tVKBtnZddXdCx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjmCs7Unxs5iqUcxaGejJHqy7/eVPzPa2cqqvg55WmmCMfzh6KMQZXAaQywSwXBio00QVhQfSvEfSQQVjqsog5h6cvLpOFajmdd3nul6vUijgI4BifgDDjgAlTBHaiBOsBgCB7BM3gxcuPJeDXe5qMrxmLnCPyC8f4FVVSTfQ==</latexit>

|E↵1 | = 2

<latexit sha1_base64="DzJ3Zn9QV7efcmne2UaXK+8nxk4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuQhJSrQuhKILLCvYBbQiT6aQdOpmEmUmhpP0TNy4UceufuPNvnD4QtR64cDjnXu69J0wZlcq2P42V1bX1jc3CVnF7Z3dv3zw4bMgkE5jUccIS0QqRJIxyUldUMdJKBUFxyEgzHNxM/eaQCEkT/qBGKfFj1OM0ohgpLQWmOb4N8g5iaR8FzmR85QZmybYqZdtzy1ATz3HPy9Cx7Bm+SQksUAvMj043wVlMuMIMSdl27FT5ORKKYkYmxU4mSYrwAPVIW1OOYiL9fHb5BJ5qpQujROjiCs7UnxM5iqUcxaHujJHqy7/eVPzPa2cqqvg55WmmCMfzRVHGoErgNAbYpYJgxUaaICyovhXiPhIIKx1WUYew9PIyabiW41mX916per2IowCOwQk4Aw64AFVwB2qgDjAYgkfwDF6M3HgyXo23eeuKsZg5Ar9gvH8BWAiTfw==</latexit>

|E↵3 | = 1

<latexit sha1_base64="de7UuOj6tN8PdqiLt9QCd5qgRYE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFRJttVkIRRFcVrAPaEOYTCft0MkkzEwKJe2fuHGhiFv/xJ1/4/RBUdEDFw7n3Mu99wQJo1LZ9qeRW1ldW9/Ibxa2tnd298z9g4aMU4FJHccsFq0AScIoJ3VFFSOtRBAUBYw0g8HN1G8OiZA05g9qlBAvQj1OQ4qR0pJvmuNbP+sglvSRfz4ZXzm+WbQt162cuzZ0LHsGaFvlcsW9KC2VIlig5psfnW6M04hwhRmSsu3YifIyJBTFjEwKnVSSBOEB6pG2phxFRHrZ7PIJPNFKF4ax0MUVnKnfJzIUSTmKAt0ZIdWXv72p+JfXTlVY8TLKk1QRjueLwpRBFcNpDLBLBcGKjTRBWFB9K8R9JBBWOqyCDmH5+/+kcWY5Jcu9LxWr14s48uAIHINT4IBLUAV3oAbqAIMheATP4MXIjCfj1Xibt+aMxcwh+AHj/Qt9CJOZ</latexit>

Incidence matrix
ei↵ = 1 i↵ i 2 E↵

<latexit sha1_base64="Wt2SrdHRsPMtVw5Gb4iU4bxXF+4=">AAACF3icbVDLattAFB2laZu6LzVdZjPELnRlpGJIuwiYhkCXCdQPsIy4Gl/Zg0cjdeaqxAj/RTb5lW6yaAnZJrv+TcePRWL3wMDhnHO5c09SKGkpCP56O092nz57vvei9vLV6zdv/Xf7XZuXRmBH5Co3/QQsKqmxQ5IU9guDkCUKe8n0ZOH3fqKxMtffaVbgMIOxlqkUQE6K/SbGlYxAFROYH4c8+lHCKCK8oEqmKecNGUnNT+NVojGP/XrQDJbg2yRckzpb4yz276NRLsoMNQkF1g7CoKBhBYakUDivRaXFAsQUxjhwVEOGdlgt75rzD04Z8TQ37mniS/XhRAWZtbMscckMaGI3vYX4P29QUvp5WEldlIRarBalpeKU80VJfCQNClIzR0AY6f7KxQQMCHJV1lwJ4ebJ26T7qRm2ml/OW/X213Ude+yAHbKPLGRHrM2+sTPWYYJdsl/sN/vjXXnX3o13u4rueOuZ9+wRvLt/B9ifNw==</latexit>

A = eeT

<latexit sha1_base64="RAa2iUqgwIojSUvEnCnLrRzAjRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIpqAuh6sZlhb6gjWUyvWmHziRhZqKUmE9x40IRt36JO//GSZuFth4YOJxzL/fM8SJGpbLtb6Owsrq2vlHcLG1t7+zumeX9tgxjQaBFQhaKroclMBpAS1HFoBsJwNxj0PEmN5nfeQAhaRg01TQCl+NRQH1KsNLSwCxfXQLcJ32O1VjwpJmmA7NiV+0ZrGXi5KSCcjQG5ld/GJKYQ6AIw1L2HDtSboKFooRBWurHEiJMJngEPU0DzEG6ySx6ah1rZWj5odAvUNZM/b2RYC7llHt6MosoF71M/M/rxco/dxMaRLGCgMwP+TGzVGhlPVhDKoAoNtUEE0F1VouMscBE6bZKugRn8cvLpH1adWrVi7tapX6d11FEh+gInSAHnaE6ukUN1EIEPaJn9IrejCfjxXg3PuajBSPfOUB/YHz+AIBrlDA=</latexit>

Hyperadjacency  matrix Hyperedge  matrix

C = eTe

<latexit sha1_base64="4xb4vPtRxvzt7bnv3QypXKxwBfU=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRIpqAuh2I3LCn1BG8tketMOnUzCzEQpMZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40WMSmXb30ZhbX1jc6u4XdrZ3ds/MMuHHRnGgkCbhCwUPQ9LYJRDW1HFoBcJwIHHoOtNG5nffQAhachbahaBG+Axpz4lWGlpaJYb13CfDAKsJiJIWmkKQ7NiV+05rFXi5KSCcjSH5tdgFJI4AK4Iw1L2HTtSboKFooRBWhrEEiJMpngMfU05DkC6yTx6ap1qZWT5odCPK2uu/t5IcCDlLPD0ZJZRLnuZ+J/Xj5V/6SaUR7ECThaH/JhZKrSyHqwRFUAUm2mCiaA6q0UmWGCidFslXYKz/OVV0jmvOrXq1V2tUr/J6yiiY3SCzpCDLlAd3aImaiOCHtEzekVvxpPxYrwbH4vRgpHvHKE/MD5/AIP5lDI=</latexit>
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Hypergraphs

i

j
j’

j”E1

<latexit sha1_base64="ZTTL+Ly32Ms7ziKU/0qXbjCyVFc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSMXFuQRE8RjQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrK6tb+Q3C1vbO7t7xf2DloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW3748uZ376nQrI4ulOThHohHkYsYAQrLd1e9e1+sWSZdsWuOGfIMl3XrdZqmljlSrXsINu05ijBEo1+8b03iEka0kgRjqXs2laivAwLxQin00IvlTTBZIyHtKtphEMqvWx+6hSdaGWAgljoihSaq98nMhxKOQl93RliNZK/vZn4l9dNVXDuZSxKUkUjslgUpBypGM3+RgMmKFF8ogkmgulbERlhgYnS6RR0CF+fov9Jq2zajuneOKX6xTKOPBzBMZyCDTWowzU0oAkEhvAAT/BscOPReDFeF605YzlzCD9gvH0CNwqNyg==</latexit>

E2

<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>

E3

<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>

i

j
j’

j”E1

<latexit sha1_base64="ZTTL+Ly32Ms7ziKU/0qXbjCyVFc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSMXFuQRE8RjQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrK6tb+Q3C1vbO7t7xf2DloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW3748uZ376nQrI4ulOThHohHkYsYAQrLd1e9e1+sWSZdsWuOGfIMl3XrdZqmljlSrXsINu05ijBEo1+8b03iEka0kgRjqXs2laivAwLxQin00IvlTTBZIyHtKtphEMqvWx+6hSdaGWAgljoihSaq98nMhxKOQl93RliNZK/vZn4l9dNVXDuZSxKUkUjslgUpBypGM3+RgMmKFF8ogkmgulbERlhgYnS6RR0CF+fov9Jq2zajuneOKX6xTKOPBzBMZyCDTWowzU0oAkEhvAAT/BscOPReDFeF605YzlzCD9gvH0CNwqNyg==</latexit>

E2

<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>

E3

<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>

hyperedge 
size

inc idence 
matrices

kH
ij

=
X

↵

(C↵↵ � 1)⌧ei↵ej↵

<latexit sha1_base64="ovKMq3hgRWC5ydr9boi7A35ggwM="></latexit>
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Hypergraphs

i

j
j’

j”E1

<latexit sha1_base64="ZTTL+Ly32Ms7ziKU/0qXbjCyVFc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSMXFuQRE8RjQLJEPo6fQkTXoWunuEMOQTvHhQxKtf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrK6tb+Q3C1vbO7t7xf2DloxTQWiTxDwWHR9LyllEm4opTjuJoDj0OW3748uZ376nQrI4ulOThHohHkYsYAQrLd1e9e1+sWSZdsWuOGfIMl3XrdZqmljlSrXsINu05ijBEo1+8b03iEka0kgRjqXs2laivAwLxQin00IvlTTBZIyHtKtphEMqvWx+6hSdaGWAgljoihSaq98nMhxKOQl93RliNZK/vZn4l9dNVXDuZSxKUkUjslgUpBypGM3+RgMmKFF8ogkmgulbERlhgYnS6RR0CF+fov9Jq2zajuneOKX6xTKOPBzBMZyCDTWowzU0oAkEhvAAT/BscOPReDFeF605YzlzCD9gvH0CNwqNyg==</latexit>

E2

<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>

E3

<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>

i

j
j’

j”E1
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<latexit sha1_base64="JSdqIQh/+QSYqCjzC/lQRz8o3e0=">AAAB6nicdVBNSwMxEJ31s9avqkcvwSJ4KptSbHsriuCxov2AdinZNNuGZrNLkhXK0p/gxYMiXv1F3vw3ZtsKKvpg4PHeDDPz/FhwbVz3w1lZXVvf2Mxt5bd3dvf2CweHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k8vM79wzpXkk78w0Zl5IRpIHnBJjpdurQXlQKLol13UxxigjuHruWlKv18q4hnBmWRRhieag8N4fRjQJmTRUEK172I2NlxJlOBVslu8nmsWETsiI9SyVJGTaS+enztCpVYYoiJQtadBc/T6RklDraejbzpCYsf7tZeJfXi8xQc1LuYwTwyRdLAoSgUyEsr/RkCtGjZhaQqji9lZEx0QRamw6eRvC16fof9Iul3ClVL+pFBsXyzhycAwncAYYqtCAa2hCCyiM4AGe4NkRzqPz4rwuWlec5cwR/IDz9gkQWI2w</latexit>
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<latexit sha1_base64="2j54Y3fpVsuS6sMO27HM8kBBvVs=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GmaSIcstKILHiGaBZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk39iQRVPRBweO9KqrqeTFnUlnWh5FbW9/Y3MpvF3Z29/YPiodHHRklgtA2iXgkeh6WlLOQthVTnPZiQXHgcdr1ppeZ372nQrIovFOzmLoBHofMZwQrLd1eDSvDYskyG/Vq2akiy7Ssml22M1KuORUH2VrJUIIVWsPi+2AUkSSgoSIcS9m3rVi5KRaKEU7nhUEiaYzJFI9pX9MQB1S66eLUOTrTygj5kdAVKrRQv0+kOJByFni6M8BqIn97mfiX10+UX3dTFsaJoiFZLvITjlSEsr/RiAlKFJ9pgolg+lZEJlhgonQ6BR3C16fof9Ipm7ZjNm6cUvNiFUceTuAUzsGGGjThGlrQBgJjeIAneDa48Wi8GK/L1pyxmjmGHzDePgEk9Y29</latexit>
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