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Consensus of integrators

• Control problem: to design a communication protocol
such that consensus is achieved

ሶ𝑥𝑖 = 𝑓 𝑥𝑖 + 𝜎෍

𝑗

𝑎𝑖𝑗ℎ(𝑥𝑗 , 𝑥𝑖) +𝑢𝑖

ሶ𝑥𝑖 = 𝑢𝑖

• f=0, no pristine network (it has to be designed)

ሶ𝑥 = −𝐿𝑥

𝑢𝑖 = 𝑘෍

𝑗

𝑎𝑖𝑗′(𝑥𝑗 − 𝑥𝑖)



Consensus of integrators

• Consensus dynamics

• Disagreement function

• Gradient-descent algorithm

ሶ𝑥 = −𝐿𝑥

𝜑 𝑥 =
1

2
𝑥𝑇𝐿𝑥

ሶ𝑥 = −𝛻𝜑(𝑥)

Let G be a connected undirected graph. Then, the 
gradient-descent algorithm asympotically solves an 
average-consensus problem for all initial states.



• Convergence is guaranteed if the graph is strongly
connected.

• Average-consensus if the network is balanced, i.e.,

Consensus of integrators: directed
graphs
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R. Olfati-Saber, A. Fax, R. M. Murray, Consensus and cooperation in networked multi-agent systems, 
Proceedings of IEEE, 96, 2007



Consensus of heterogeneous first-
order linear dynamical units

• Model

• Consensus manifold

• Admissible consensus

• Control law

ሶ𝑥𝑖 = 𝜌𝑥𝑖 + 𝛿𝑖 + 𝑢𝑖

D.A. Burbano Lombana, M. Di Bernardo, Distributed PID control for consensus of homogeneous and 
heterogeneous networks, IEEE Trans. Control of Network Systems, 2,2,2005



Conditions for convergence

D.A. Burbano Lombana, M. Di Bernardo, Distributed PID control for consensus of homogeneous and 
heterogeneous networks, IEEE Trans. Control of Network Systems, 2,2,2005



Example

P                                 PID                               PI

D.A. Burbano Lombana, M. Di Bernardo, Distributed PID control for consensus of homogeneous and 
heterogeneous networks, IEEE Trans. Control of Network Systems, 2,2,2015



Distributed PID

D

I

P

Dynamics

• Networks do not need to be the same at each
layer



The rendezvous problem

• A set of mobile agents with single integrator 
dynamics

• They have to agree on a single location where to 
meet

• Agents have not access to their global positions, but
only to their relative displacements



The rendezvous problem

• Agreement protocol

with

• A solution exists if the 

network is connected

ሶ𝑥𝑖(𝑡) = − ෍

𝑗𝜖𝑁(𝑖)

(𝑥𝑖 𝑡 − 𝑥𝑗 𝑡 )

𝑥𝑖 𝑡 𝜖𝑅
𝑝



Formations

• Formations are geometrical patterns realized by a 
multiagent team

• Agents move such that they satisfy a particular shape
or relative state



Formation shape specification

• Set of relative, desired interagent distances

• Feasible formation if there exist points ξ1,…, ξN such
that

𝐷 = 𝑑𝑖𝑗𝜖𝑅 𝑑𝑖𝑗 > 0, 𝑖, 𝑗 = 1,… ,𝑁, 𝑖 ≠ 𝑗

ξ𝑖 − ξ𝑗 = 𝑑𝑖𝑗 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑗 = 1,… ,𝑁, 𝑖 ≠ 𝑗



Formation shape specification

• Scale invariant formation

• Application: In moderately cluttered environments, a 
scaled contraction or expansion of the formation
may be needed to negotiate the environment

𝐷′ = 𝛼𝐷



Formation shape specification

• Translationally invariant formation

– Target points

with

– The points x1,…,xN satisfy the formation if for some τ, then

ξ𝑖 − ξ𝑗 = 𝑑𝑖𝑗 , 𝑖, 𝑗 = 1,… ,𝑁, 𝑖 ≠ 𝑗

Ξ = ξ1, … , ξ𝑁 , ξ𝑖𝜖𝑅
𝑝, 𝑖 = 1,… ,𝑁

𝑥𝑖 = ξ𝑖 + 𝜏, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 = 1,… ,𝑁



Formation shape specification

• Gf and Ef encode the edges that specify the interagent
distances defined by the formation



Rigid vs. flexible formations



Formation specification through
relative states

𝑧 𝑡 = (𝑥1 𝑡 − 𝑥2 𝑡 )𝑇, (𝑥2 𝑡 − 𝑥3 𝑡 )𝑇, … 𝑇

• Relative states:

• or (with respect to an inertial frame)

• In compact form (with B being the incidence matrix
of a directed spanning tree of the graph): 

𝑧 𝑡 = (𝑥0−𝑥1 𝑡 )𝑇 , (𝑥1 𝑡 − 𝑥2 𝑡 )𝑇 , … 𝑇

𝑧 𝑡 = 𝐵𝑇𝑥(𝑡)

𝐵 =

1 0
−1 1
0 −1

…

⋮



Formation specification through relative 
states - Example

𝐵 =

1 0 1 0 0 1 0 0 0
−1 1 0 0 0 0 0 0 0
0 −1 0 0 1 0 0 0 0
0 0 −1 0 0 0 1 1 0
0 0 0 1 0 −1 0 0 1
0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 −1 0
0 0 0 0 −1 0 0 0 0

𝑊 =

3 0 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 3 0 0 0 0
0 0 0 0 0 5 0 0 0
0 0 0 0 0 0 5 0 0
0 0 0 0 0 0 0 6 0
0 0 0 0 0 0 0 0 5



Shape-based control

• Goal: drive a set of mobile agents to a translational
invariant formation specified by Gf(V,Ef) and target 
location Ξ

Interaction graph G(V,E)

𝑥𝑖 = ξ𝑖 + 𝜏

Target formation graph Gf(V,Ef)



Shape-based control: static case

• Static interaction graph G with

• Define the displacement from target location

• Agreement protocol over displacement

• Protocol for shape-based control

𝜏𝑖 𝑡 = 𝑥𝑖(𝑡) − ξ𝑖

𝐸𝑓 ⊆ 𝐸

ሶ𝜏𝑖(𝑡) = − ෍

𝑗𝜖𝑁𝑓 (𝑖)

(𝜏𝑖 𝑡 − 𝜏𝑗 𝑡 )

ሶ𝑥𝑖(𝑡) = − ෍

𝑗𝜖𝑁𝑓(𝑖)

𝑥𝑖 𝑡 − 𝑥𝑗 𝑡 − ξ𝑖 − ξ𝑗 (6.7)



Shape-based control: static case



Shape-based control: dynamic case

• The problem is solved similarly to 
the static case, it for all t>0, then

• Otherwise, if, for instance, agents 
interact according to a proximity
graph, then one can first solve the 
rendezvous problem and then apply
the protocol for shape control

• Enforcing , however, is a 
problem that cannot be solved by 
linear methods alone

𝐸𝑓 ⊆ 𝐸(𝑡)

𝐸𝑓 ⊆ 𝐸(𝑡)



Relative state-based control

• Goal: desired formation specified by a spanning tree 
digraph                            and a constant reference 
relative position

• Dynamics of the agents: single integrator

• Define the formation error as

• Consider the state feedback control

𝑧 𝑡 = 𝐵𝑇𝑥(𝑡)

ሶ𝑥𝑖(𝑡) = 𝑢𝑖

𝑧𝑟𝑒𝑓

𝑒 𝑡 = 𝑧𝑟𝑒𝑓 − 𝑧 𝑡

ሶ𝑒 𝑡 = −𝐵𝑇𝑢(𝑡)

𝑢(𝑡) = 𝑘𝐵𝑒 𝑡



Relative state-based control

• Closed-loop error dynamics

• BTB is the edge Laplacian (Laplacian L=BBT, edge 
Laplacian Le=BTB)

• Since the edge Laplacian of a directed spanning tree 
is positive definite, then

• Closed-loop system

ሶ𝑒 𝑡 = −𝑘𝐵𝑇𝐵𝑒(𝑡)

lim
𝑡→+∞

𝑒 𝑡 = 0

ሶ𝑥 𝑡 = −𝑘𝐵𝐵𝑇𝑥 𝑡 + 𝑘𝐵𝑧𝑟𝑒𝑓



Relative state-based control

ሶ𝑥 𝑡 = −𝑘𝐿𝑥 𝑡 + 𝑘𝐵𝑧𝑟𝑒𝑓ሶ𝑥𝑖(𝑡) = 𝑢𝑖

ሷ𝑥 𝑡 = −𝑘𝐿𝑥 𝑡 − 𝑘𝐿 ሶ𝑥 𝑡
+𝑘𝐵𝑧𝑟𝑒𝑓(𝑡) + 𝑘𝐵 ሶ𝑧𝑟𝑒𝑓(𝑡)

ሷ𝑥𝑖(𝑡) = 𝑢𝑖

Dynamics Control

ሶ𝑥𝑖(𝑡) = 𝑎𝑥𝑖 𝑡 + 𝑏𝑢𝑖(𝑡) ሶ𝑧 𝑡 = 𝑎𝐼 − 𝑘𝑏𝐿𝑒 𝑧 𝑡 + 𝑘𝐵𝐿𝑒𝑧𝑟𝑒𝑓

stable if 𝑎 − λ𝑖 𝐿 𝑘𝑏 < 0



Control of unicycles

• Unicycles are convenient models in aerospace 
(unmanned aerial vehicles) and biology (fish 
locomotion)

• Unicycle model

𝑟𝑖 𝑡 = 𝑥𝑖 𝑡 + 𝑗𝑦𝑖(𝑡)

ሶ𝑟𝑖 𝑡 = 𝑣𝑖𝑒
−𝑗𝜃𝑖(𝑡)

ሶ𝜃𝑖 𝑡 = 𝑢𝑖(𝑡)



Control of unicycles – gradient control 
law

• Gradient control law

• k>0, control of unicycle headings

𝑢𝑖 𝑡 = −𝑘𝛻𝑖𝑈(𝜃)

𝑢𝑖 𝑡 = −
𝑘

𝑁
෍

𝑗=1

𝑁

sin(𝜃𝑗 𝑡 − 𝜃𝑖 𝑡 )

ሶ𝜃𝑖 𝑡 = −
𝑘

𝑁
෍

𝑗=1

𝑁

sin(𝜃𝑗 𝑡 − 𝜃𝑖 𝑡 )



Mobile robots

• Mobile robots interacting through r-disk proximity 
graphs (limited sensing capabilities)

• Problem: how to keep the connectivity as robots 
move?



Mobile robots

• Rendezvous 
problem

• Linear 
agreement 
protocol

• Connectivity 
may be lost



Mobile robots

• Rendezvous 
problem

• Nonlinear 
agreement 
protocol

• Connectivity 
preserved



Summary

• Graph-based control of multiagent systems: 
from rendezvous problem to formation
control

• Networks are the key to perform a 
cooperative behavior, but there is still a gap 
between the control technique and its
usability in practice


